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Abstract

In this thesis we show how skein algebras and skein categories can be computed by the mech-
anism of factorisation homology. We recover Kauffman bracket skein algebras of the four—
punctured sphere and punctured torus from the presentable factorisation homology of the
quantum group U, (slz). Generalising this result, we then show that any skein category is a
k-linear factorisation homology.

In the first part of this thesis, we study in detail the presentable factorisation homology of
the four—punctured sphere and punctured torus with coefficients in the integrable representa-
tions of the quantum group U, (slz). These factorisation homologies are categories of U, (()sl2)—
equivariant modules for algebras determined by the surface, and their U, (sly)—invariant subal-
gebra gives a quantisation of the SLo—character variety of the surface. We obtain presentations
and Poincaré-Birkhoff-Witt bases for the algebra of invariants for both our example surfaces.
As an application, we explicitly identify these algebras of invariants with two other quantisa-
tions of the SLo—character variety for these surfaces: Teschner and Vartanov’s quantisation of
the moduli space of flat connections and the Kauffman bracket skein algebra.

In the second part of this thesis, we pursue the relation between factorisation homology
and skein theory further. We prove that skein categories satisfy excision and that they are
k—linear factorisation homologies with coefficients given by the colouring of the skein category.
As a corollary we show the free cocompletion of the skein category of the ribbon category of
finite-dimensional representations of the quantum group U, (g) is the presentable factorisation
homology with coefficients in the integrable representations of the quantum group U, (g). Hence,
the free cocompletion of the Kauffman bracket skein category is the factorisation homology

which we considered in the first part of the thesis.
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Chapter 1

Introduction

1.1 Factorisation Homology

Factorisation homology is a framework for constructing manifold—invariants by associating to
a disc a system of local coordinates in an oo-category and ‘integrating’ this object over the
manifold. This association is achieved by the choice of an E,-algebra. An FE,—algebra is an
algebra over the little disc operad E,, in a symmetric monoidal co—category €€, or equivalently

it is a symmetric monoidal functor
F:Disc] - 4% :F(D")=Ac%®

from the co—category Disc,, of discs, embeddings and isotopies to €. The factorisation ho-
mology of the n-manifold M with coefficients in A is then an object [,, A € ¥® which is
invariant up to homeomorphism of M.

Factorisation homology arose from the chiral homology of Beilinson and Drinfeld [BD04].
Chiral homology was adapted from a conformal to a topological setting by Lurie [Lurl7]. This
topological chiral homology was developed further by Ayala, Francis and Tanaka who rechris-
tened it factorisation homology [AFTH], [AFTTT].

Ayala and Francis showed that factorisation homologies satisfy a generalisation of the
Eilenberg-Steenrod axioms for singular homology [AF15], so may be interpreted as a generalisa-
tion of homology which is tailor-made for topological manifolds rather than general topological
spaces. In particular, factorisation homologies satisfy excision. Certain factorisation homologies
are known to recover other homology theories, for example if A is an abelian group then | wA
is simply given by the singular homology H,.(M,A), and if A is an associative algebra then
J51(A) is the Hochschild homology HH,(A); see [AFT9] for elaboration and further examples.

1.2 Topological Quantum Field Theory

A major motivation for the development of factorisation homology comes from topological
quantum field theory. Topological quantum field theory was inspired by Witten’s formulation of
supersymmetric quantum field theories in terms of the differential geometry of certain infinite—
dimensional manifolds [Wit82]. Topological quantum field theories are toy—model quantum field

theories: non-relativistic topologically invariant quantum field theories where the manifolds are
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assumed to be finite-dimensional. Their mathematical formulation was developed by Atiyah
[Ati88] who modelled the definition on Segal’s formulation for conformal field theory [Seg88].
A n-dimensional topological quantum field theory (TQFT) is a symmetric monoidal functor
Z : Bord) — %® from the bordism category Bord}, whose objects are closed (n — 1)-
dimensional manifolds and whose morphisms are n-dimensional cobordisms, to some symmetric
monodial category ¢® which was classically chosen to be the category of vector spaces Vecty,.
Despite TQFTs being physically toy—models, they are of significant interest in low dimensional
topology as the assignment M +— Z(M) defines a topological invariant of the closed manifold M.
These invariants are sometimes classical invariants of low dimensional topology, for example,
the 3-dimensional Chern-Simons TQFT recovers the Jones polynomial and the 4-dimensional
supersymmetric gauge theory TQFT recovers Donaldson invariants.

One can extend the definition of a n—dimensional TQFT by replacing ¥® with a suitable
symmetric monoidal n-category and defining an n-categorical version of Bord, with the n—
morphisms being n—dimensional cobordisms between (n—1)-dimensional manifolds, the (n—1)-
morphisms being (n — 1)—dimensional cobordisms between (n — 2)—dimensional manifolds, and
so on until one reaches 0-dimensional manifolds, i.e. points, which are the objects of Bord},. A
fully extended 2—dimensional TQFT differs from an ordinary 2—dimensional TQFT by allowing
surfaces with corners. Baez and Dolan [BD04] conjectured that these fully extended TQFTs
are fully determined by their value at a point and that every fully dualisable object gives rise to
a fully extended TQFT. This is called the Cobordism Hypothesis and a sketch proof of it was
provided by Lurie |[Lur09]. By the Cobordism Hypothesis, to define a fully extended TQFT
it is enough to define a fully dualisable object; however, using this formulation it it far from
clear how this TQFT acts on manifolds. Scheimbauer shows that one can use n—dimensional

factorisation homology to construct a fully extended TQFT [Sch14].

1.3 Quantum Character Varieties

We now turn from considering general factorisation homologies of manifolds to the factorisation
homologies of surfaces with coefficients in the representations of quantum groups.

Fix a connected reductive Lie group G such that its Lie algebra g = Lie(G) is semisimple.
Drinfeld defined a quantisation U,(g) of the universal enveloping algebra of g which is called
the quantum group of g [Dri87]. Throughout this thesis we shall assume that ¢ € C is generic
i.e. not a root of unity. We define Rep,(G) to be the category of integrable representations
of U,(g). Ben-Zvi, Brochier, and Jordan show that the factorisation homology on Rep,(G)
of the punctured surface ¥y is equivalent to the category Ax,aAT-mod of internal modules
for some algebra object Ay, which is determined combinatorially from the gluing pattern of
Yo [BZBJ18a]. They also relate the factorisation homology [, Rep,(G) of a non-punctured
surface ¥ to the punctured case [BZBJ18b).

The representation variety SR (X) of the surface X consists of all the homomorphisms from
the fundamental group 71(X) to the connected reductive Lie group G. There are two widely
studied invariants of ¥ based on the representation variety: the character stack Cho(X) =
R (X)/G which is the quotient of the representation variety by G which acts on it by conju-
gation, and the character variety Chg(X) = R //G which instead takes the affine categorical
quotient.

Ben-Zvi, Brochier and Jordan show that a quantisation of the character stack Ch(X) is
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given by the algebra object Ay, for punctured surfaces and a Hamiltonian reduction of this
algebra object for closed surfaces [BZBJ18al BZBJ18b|. However, in this thesis we shall instead

concern ourselves with quantisations of the character variety Chg(%).

The character variety Chg(X) has a canonical Poisson structure which was defined by
Atiyah-Bott and Goldman [AB83] [Gol84], so by a quantisation of the character variety we
mean a deformation with respect to this Poisson bracket. Ben-Zvi, Brochier, and Jordan
[BZBJi8a] show that o4, = (End(As,))4«(09) the algebra of invariants of Ay, under the
action of U,(()g), is a quantisation of the character variety Chg(3o) of the punctured surface
S [BZBJI%al.

The main result of Chapter 3 is finding this algebra of invariants for the four—punctured

sphere ¥ 4 and punctured torus ¥, ; with respect to U, (sls):

Theorem 1.3.1. Let A := (gl! 2i2) B := (2;1 Z;i) and C = (¢l ¢i2) be the matrices formed
out of the 12 generators of on,4 Rep,(SLa). The algebra of invariants <, , of the four-
punctured sphere with respect to fz Repq(G’) has a presentation with generators the quantum
traces E := Try(AB), F := Try,(AC), G := Tr,(BC), s = Try(A), t := Try(B), u :=

Try (C) v := Trq(ABC)ﬂ and relations

FE PEF+ (¢ —q¢ 3G+ (1—¢*)(sv+tu),

GE ¢ EG +q%(¢* — ¢ *)F — (1 —¢*)(su+q *tv),

GF = ¢FG+ (¢ —q HE+(1—¢")(st +uv),
—E? PGP - (P P uP Y

EFG = { + (st +uw)E +q %(su+tv)F + (sv + tu)G
—stuv +q (¢* +1)?

and s,t,u,v are central. Furthermore, the monomials
{EmF"Glsatbucvd | m,n,l,a,b,c,d € No;mnl = O}
are a Poincaré-Birkhoff-Witt (PBW) basis for the algebra.

Theorem 1.3.2. Let A := (gl' 312) and B := (Z; 2;;) be the matrices formed out of the 8
generators of leyl Rep,(SLa). The algebra of invariants <fs, , of the punctured torus with
respect to [ Rep,(G) has a presentation given by generators X := Try(A),Y := Try(B), Z :=
Tr,(AB) and relations:

YX ¢ 'XY =(q—q ")Z;
XZ—-q'ZX =—q?(q-q")Y;
2Y —q¢'YZ = —q (g ¢ "X

It has a central element

L:=¢XZY +¢@Y? - * 2% + 3X? - (g — q_l)7

TThey correspond to loops around two punctures as depicted for in Figure for A = z1, B = x2 and
C = z3.
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and a PBW basis
{X°YPZ7 | o, B, v € No}.

Besides this algebra of invariants, there are other known quantisations of Chg(X) most
especially when G = SL;. We can use the presentations from Theorems and to
compare different quantisations for these two example surfaces. One quantisation of Chgy,, (3)
is given by Teschner and Vartanov’s quantisation of the moduli space of flat connections A (%)
which uses the four—punctured sphere and punctured torus as base cases [VI13]. In Chapter 3
we construct isomorphisms between the algebra of invariants 2% and 4,(2) for both surfaces.
Another particularly interesting quantisation of the character variety Chgy,, (X) is given by the

Kauffman bracket skein algebra.

1.4 Skein Algebras

Skein algebras and modules are a generalisation of knot polynomials. A knot polynomial is a
knot invariant which to each link L assigns an ordinary or Laurent polynomial. The first knot
polynomial was the Alexander polynomial Ay (z) which was defined in 1928 [Ale28], and for
almost 50 years it remained the only knot polynomial. In 1969 Conway [Con70] showed that

Alexander polynomial Ay (x) was characterised by the skein relations
(Oi=1

In a couple of talks at the end of the 70s he proposed considering the free Z[z]-module over

oriented links in a oriented 3—manifold, and the submodule generated by quotienting by the
skein relations: he called this submodule the linear skein module; however, he published nothing.
This idea was then developed by Giller, Kauffman, Lickorish, Millett, Przytycki and Turaev
during the 80s [Gil82] [Kau83), [Kau&7, [LM&7, [Prz91] [Turd7]. A skein module may be viewed as
a generalisation of the 15 homology group of a manifold where the cycles have been replaced
with general links.

A major impetus for the study of skein relations was the discovery of the Jones polynomial
[Jon97], and in particular Jones’ realisation that the Jones polynomial is characterised by the

skein relations
(#1/2 — 172 >< — ¢! X_tX’

This quickly lead to the HOMPFLY polynomial which simultaneously generalised both the
Alexander and Jones polynomial and is also defined in terms of skein relations [FYH™85|. For
a general survey see [Prz06].

As has already been mentioned the Kauffman bracket skein algebra gives a quantisation of
the character variety Chgr,(¥) [Bul97, PSOOJE If we have a surface 3, we can define its skein

TThis is actually a result about Kauffman bracket skein modules and quantisations of the character variety
Chgt,, (M) of the 3-dimensional manifold M, but we shall only consider surfaces in this thesis. It has also been
generalised to SLy using the HOMPFLY skein modules by Sikora [Sik05].
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algebra to be the skein module of ¥ x [0, 1]; it has a natural algebra structure given by stacking.
The Kauffman bracket skein algebra/module is based on the Kauffman bracket polynomial.
The Kauffman bracket polynomial (L) of a framed link L is defined using the following skein

relations
=) (s
Q =—¢*—q

It is an invariant of framed links i.e. it is invariant under the 2°¢ and 34 Reidemeister moves
but not the 15*. The Kauffman bracket polynomial can be normalised to make it invariant under

the 15¢ Reidemeister move and this recovers the Jones polynomial. It can also been extended

to give a Vassiliev invariant of singular framed knots.
We show in Chapter 3 that

using the relation

Proposition 1.4.1. The algebra of invariants /s, with respect to Uq(slz) is isomorphic to the
Kauffman bracket skein algebra Sk(X) when X is the four—punctured sphere or the punctured

torus.

In Chapter 3 we also construct the isomorphisms.

1.5 Skein Categories

After showing the relation of fEPr Rep, (SL2) to
the Kauffman bracket skein algebra Sk(X) for the
surfaces ¥ = Yo 4 and ¥, ; via the algebra of in-

variants of the factorisation homology, we move

on to the more general question: Is there any gen-
. Pr . /,

eral relation between [;~ Rep,(G) and skein the- @D PR g M

ory? In order to answer this question we intro-

duce the skein category Sky (X)) for a fixed k-

linear ribbon category ¥ such as Repgd(G) the

N\

T

Example of a coloured ribbon diagram in [0, 1]3.
category of finite—dimensional integrable represen-

tations of U, (sl2). The notion of skein category we use is that of Johnson-Freyd [Johl5] which
was inspired by the ideas of Walker [Wal06, MW1I] and Turaev’s ribbon diagram category
[Tur94!, [Tur97]. The ribbon diagram category Ribbony is the category of ¥ —coloured ribbon
tangles in [0, 1]® and were originally developed in the context of the Reshetikhin-Turaev invari-
ants for 3—manifolds. Turaev shows that there is a canonical surjective and full ribbon functor

eval : Ribbony — 7. The skein category Sky (%) is the k-linear category whose
1. Objects are finite sets of framed points in X;

2. Morphisms are k-linear combinations of ¥ —coloured ribbon tangles in 3 x [0, 1] up to the

equivalence that F' ~ G if they are equal outside a cube and eval(F|eupe) = (Gleube)-
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For a more precise definition see Section [£.2.1]
As we have already mentioned, one of the defining features of a factorisation homology

fz ¥ is that it satisfies excision: for any collar gluing ¥ = M U4 N there is an equivalence of

o=l ronef
MUsN M A N

where the relative tensor product is defined as the colimit of the 2-sided bar construction in

categories

the ambient category €©.

In Chapter 4 we show that if we take €® to be Cat;’, the (2,1)-category of k-linear
categories, then this relative tensor product .# X o A is A x ./ with adjoined isomorphisms
t:(m<a,n) = (m,ar>n) which relate the action of & on .# to its action on .4~ (see Section
for details). As the skein category Sky (%) is a k-linear category this defines the relative

tensor product of skein categories. We then prove that skein categories satisfy excision:

Theorem 1.5.1. For any collar gluing X = M Ua N there is an equivalence of categories
Sk«;/(M Ua N) ~ Sk«;/(M) RSk (A) Sk«;/(N).

Using this we conclude

Theorem 1.5.2. The functor Sky () : Mfidy, — Cat ) is the k-linear factorisation homology
fcatk ¥ with respect to the Ey—algebra defined by V.

Corollary 1.5.3. The free cocompletion of SkRepgd(G)(E) is the presentable factorisation ho-
Pr
mology [, Rep,(G).

The excision of skein categories was conjectured by Johnson-Freyd [Johl5] again based on
the ideas of Walker [Wal06, MW11] and the relation to presentable factorisation homology by
taking the free cocompletion was conjectured in [BZBJ18a]. The is also a result of Yetter [Yet92]
which proves a similar excision result for universal braid categories in Set, and the topological

parts of the proof of excision are based on this proof.
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Chapter 2

Background

2.1 The Categories Cat, and Pr

In this section we shall define two (2, 1)—categories Catj, and Pr which will be the ambient
categories of the factorisation homologies considered in this thesis. The definitions in this
section may be found in Borceux’s ‘Handbook of Categorical Algebra’ [Bor94al Bor94b] and
follow the terminology of [BZBJ18a].

Definition 2.1.1. A (2, 1)—category % is a 2—category for which all 2-morphisms have inverses.

Remark 2.1.2. There are two notions of 2—category: strict and weak. Throughout this thesis
we shall assume all 2—categories are strict i.e. categories enriched over Cat. We shall refer to
weak 2—categories by their original name of bicategories. However, co—categories may strict or

weak.

2.1.1 The Category Cat,

Definition 2.1.3. Let k£ be a commutative ring with identity. The category kMod is the
category of left k—modules and module homomorphisms. If k is a field then KMod is Vecty,

the category of k—vector spaces and k—linear transformations.

Definition 2.1.4. A k—linear category is a category enriched over kMod, a k—linear functor is
a kMod-enriched functor, and a k—linear natural transformation is a kMod—enriched natural

transformation.

Definition 2.1.5. The category of k—linear categories Caty, is the (2, 1)—category whose
1. objects are small k-linear categories;
2. 1-morphisms are k—linear functors;

3. 2-morphisms are k-linear natural isomorphisms.

2.1.2 The Category Pr
We shall begin by defining Cocomp which has Pr as a subcategory.

Definition 2.1.6. Given k-linear functors F': 2 — € and G : 2°P — kMod, let Colimg(F)
denote the k-linear colimit of F' weighted by G.

17



Definition 2.1.7. The k-linear category % is cocomplete if the colimit Colimg(F') exists for

all choices of F' and G when 2 is small.

Definition 2.1.8. A functor H : € — & preserves the k-linear colimit of F' : 2 — € weighted
by G: 2P — ¢ if
H (Colimg (F)) = Colimg(H(F)).

A functor is cocontinuous if it preserves all small limits.

Definition 2.1.9. We denote by Cocomp the (2, 1)-category with:
1. objects: locally small cocomplete k—linear categories;
2. 1-morphisms: cocontinuous k—linear functors;
3. 2-morphisms: k-linear natural isomorphisms.

The subcategory Pr C Cocomp consists of categories whose objects are ‘nice’ colimits of

"small’ objects.
Definition 2.1.10. A category ¥ is filtered if
1. € is non-empty;

2. For any two objects c1,ca € € there exists an object c3 € € with morphisms ¢; — ¢3 and

Co — C3;

3. For any two morphisms f,g : ¢ =2 co there is a morphism h : co — c¢3 such that
hof=hog.

A filtered colimit Colimg(F) is a colimit where Z is a small filtered category.

Definition 2.1.11. An object ¢ € ¥ of a k-linear category € is finitely presentable or compact
if the corepresentable functor €(c,-) : € — kMod preserves filtered colimits.

Definition 2.1.12. A category % is locally finitely presentable if it is a locally small, cocomplete

and is generated under filtered colimits by a set of finitely presentable objects.

Remark 2.1.13. There is also a notion of a locally presentable category. A locally presentable
category is a category which is locally small, cocomplete and is generated under r-filtered
colimits by a set of k-compact objects for some regular cardinal k. A locally finitely presentable
category is a locally presentable category with x = Xg. By presentable we shall always mean

locally finitely presentable unless stated otherwise.

Definition 2.1.14. A functor F': € — Z is compact if it preserves compact objects i.e. if ¢ is

a compact object of € then F(c) is a compact object of 2.
Definition 2.1.15. Let Pr denote the subcategory of Cocomp with:
1. objects: locally finitely presentable k—linear categories;
2. l-morphisms: compact cocontinuous k—linear functors;

3. 2-morphisms: k-linear natural isomorphisms.
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2.2 Monoidal and Ribbon Categories

Definition 2.2.1. [Bor94b] A monoidal linear category € is a k-linear category equipped with
1. afunctor ® : € x € — € : (a,b) — a @b called the monoidal product or tensor product;
2. an object 1¢ € € called the monoidal unit;

3. a natural isomorphism a: (-® ) ® - — _® (- ® _) with components o, : (@ ®b) @ ¢ —
a® (b® c) called the associator;

4. natural isomorphisms

A le ® - — _ with components A, : l¢ ® a — a,

p:_-® le — _ with components p, : a ® 1y — a

called the left and right unitor respectively

which make the following diagrams commute for all a,b,c,d € €

(a@b)®c)®d

Qa,pb,e®Idg Qa@b,c,d
(@®1g) @b 2% 4@ (14 @ b)
(a@(b®c) ed (a@b)® (c@d) L /
Pa®I1dy
Ida @Ay

TRy

Qa,b®c,d Qa,b,c®d

Id, ®ap,c,
a® ((b®c)®d) —22es

a® (b®(cxd))
The monoidal category may be denoted € or ¥®. If the associator and unitors are trivial then

the monoidal category is strict.

Remark 2.2.2. If € is a category enriched over the monoidal category ¥, then we require that
the monoidal structure is compatible with the enrichment, that is we require ® to be a ¥—
enriched functor, and « and A to be ¥ —enriched natural transformations. So if ¢ is a k—linear
category then we require ®, a, A and p to be k-linear, and if € is a 2—category then we require

® to be a (strict) 2—functor, and A and p to be 2-natural transformations.

Remark 2.2.3. In this thesis our examples of ribbon categories will be non—strict; however, our
applications of ribbon categories, for example to colour ribbons, will require strict monoidal
categories. This is resolved by taking the monoidally equivalent strict ribbon category whenever

a strict ribbon category is required, and this we shall do without further comment.

Remark 2.2.4. Monoidal categoriesm have a diagrammatic calculus in which the morphism f :
Vi -V, > W, ® Wy is depicted

fTechnically the diagrammatic calculus is for strict monoidal categories.
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The identity morphism is depicted without a coupon, the composition of morphisms is depicted
by stacking and tensoring of morphisms is depicted by placing the diagrams side-by-side. For

a survey on the diagrammatic calculi of monoidal categories see [Selll].

We shall now define the structures required to turn the k-linear monoidal category % into

a k-linear ribbon category.

Definition 2.2.5 [Kas95]. Let € be a k-linear monoidal category. The flip functor on the

category ¥ is the k—linear functor
T:EXEC—CxE:7(a,b) = (bya) and 7(f,g9) = (g, f) Ya,b € € and f, g morphisms in %

A braiding on € is a k-linear natural isomorphism B : ® — 7® which is compatible with the

monoidal structure:

Qp.c.a © Ba,b@c O Qg,b,c = Idb ®Ba,c O Op,a,c © Ba,b & Idc

-1 -1 -1
Qpap© Bagp,c © Qppe = Ba,c®1dy ot . O Id, ®By,.

,C

for all a,b,c € €. A monoidal category with a braided is called a braided monoidal category. A

symmetric monoidal category € is a braiding monoidal category for which the braiding satisfies
By wBey = ldagy

for all x,y € €.

Figure 2.1: The diagrammatic calculus for monoidal categories
can be adapted to give a diagrammatic calculus for braided
( ) monoidal categories for further details see [JS93| [Selll]. The

braiding By, is depicted of the left and its inverse B;},V is de-
picted on the right.

Figure 2.2: The naturality of the braiding means that
coupons may pass through the braiding.

J Figure 2.3: For a strict monoidal category, the first asso-
ciativity condition on the braiding reduces to By yvew =
( = (Idy ® By,w)o(By,v ®Idw). This means that strands can

always be crossed pairwise (the second associativity condi-

( tion is just the mirror image).
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Figure 2.4: A monoidal category is symmetric if this identity
holds.

—

(

Definition 2.2.6 [Tur94]. Let € be a k-linear monoidal category and a € €. If it exists, the

dual of a is an object a* such that there are two morphisms
€q : 1l = a® a*(unit) and 1, : a* ® a — 1 (counit)
which satisfy the following identities

(Idq @74) (110 ® Idg) = Id,
(e © Idg-)(Idg- ®€,) = Id,- (zigzag identities).

A monoidal category has duality is every object has a dual.

Figure 2.5: The dual of an object V' is depicted either by labelling
the strand with V* or reversing the direction of the strand and

labelling it with V. The unit and counit are depicted in this figure.

m ﬁ Figure 2.6: The zigzag identities simply mean that one can

straighten strands as depicted.

Figure 2.7: If a category % has duality, then duality defines
a endofunctor on € with the dual of a map f: X — Y
being the map f*: Y* — X* defined by composing f with

evaluation and coevaluation maps as depicted in this figure.

Definition 2.2.7 [Tur94]. Let € be a braided monoidal k-linear category with a braiding B.
A twist in € is a k-linear natural isomorphism which on the component a € € is 0, : a — a

and satisfies
9a®b = Bb,aBaqb(ea & Hb)

for all a,b € €. A braided monoidal category with duality and a twist is a ribbon category if
the twist and duality are compatible, that is

(0, @ Idg )ng = (Idg R4+ )€q
for all a € €.
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L Figure 2.8: The graphic calculus of ribbon categories can be given
by thickening the strands to ribbons (framed strands). The twist

= is just a twist of the ribbon. Alternatively, one can represent the

) ribbon category using just the cores of the bands if one represents
the twists as loops. We shall defined this graphical calculus for-

mally in Section [£:2.1] as it important in the definition of a Skein

category.

Figure 2.9: This figure shows the compatibility relation of
the twist with the braiding.

2.2.1 Monoidal Structure of Cat;, and Pr

The (2,1)—category Caty is a strict monoidal category with the categorical product x as

monoidal product:

1. The product € x Z has as objects tuples (m,n) where m € € and n € 2 and as morphisms

tuples (f,g) where f:m — m’ is a morphism in ¢ and ¢ : n — n’ is a morphism in 2.

2. The monoidal unit 1cat is the category Pt with a single object and a single morphism

which is the identity morphism on this object

The (2,1)-category Pr is also a strict monoidal category but the monoidal product X is
given by the Kelly—Deligne tensor productﬂ

Definition 2.2.8. The Kelly—Deligne tensor product of &7, % € Pr is a category & XA € Pr
together with a bilinear functor S : & x & — & X % which is cocontinuous in each variable

separately and defines an equivalence of categories
Cocont(« K AB,%) ~ Cocont(«/, B;€¢) = Cocont(«/, Cocont(%B,€))

for all ¥ € Pr given by composing functors with S: Cocont(«/ X #,%) is the category of
cocontinuous functors & K % — ¢ and Cocont(</, #;%) is the category of bilinear functors
o X B — of K P which are cocontinuous in each variable separately.

Remark 2.2.9. Kelly [Kel82] proved the existence of &/ K A for categories o/, B € Rex, the
(2, 1)—category of essentially small, finitely cocomplete categories with right exact functors as 1—
morphisms and natural isomorphisms as 2-morphisms. Franco in [LF13] shows that for abelian
categories o7, 4, this tensor product o/ KA is the Deligne tensor product of abelian categories
[Del90] when the Deligne tensor product exists; hence, the name Kelly-Deligne tensor product.
For the existence of the Kelly-Deligne tensor product in Pr see [RG17, Section 2.4.1] and the

references therewithin.

TThe monoidal unit of Pr¥ is kMod.
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2.3 Factorisation Homology

In this section we shall define factorisation homology. In the remainder of this thesis we shall
only consider factorisation homologies of surfaces, that is fix n = 2, and we shall assume €% =
Pr® or Caty: in Chapter 3 we use Pr® and in Chapter 4 we use both. General introductory
references for factorisation homology include Ginot [Ginl5] and Ayala and Francis [AF 15 [AF19].

Definition 2.3.1. A smooth manifold M is finitary if it has a finite open cover U such that if
{U;} is a subset of Y then intersection N;U; is either empty or diffeomorphic to R™.

Remark 2.3.2. Manifolds and surfaces are assumes throughout this thesis to be finitary and

smooth.

Definition 2.3.3. Let X and Y be smooth framed manifolds and let Emb(X,Y’) denote the
oo—groupoid of the topological space of smooth embeddings of X into Y which respect the
framings with the smooth compact open topology, i.e the objects of Emb(X,Y) are smooth
framed embeddings, the 1-morphisms are isotopies, the 2-morphisms are homotopies between

the 1-morphisms and so on.

Definition 2.3.4. Let Mfldj; be the symmetric monodial co—category whose objects are framed
manifolds, whose Hom—space of morphisms between manifolds X and Y is the oo—groupoid

Emb(X,Y), and whose symmetric monodial structure is given by disjoint union.

Definition 2.3.5. Let Disc"” be the full subcategory of Mfldg; of disjoint unions of R™. Denote
the inclusion functor by I : Disc" — MSfldg.

Definition 2.3.6. An E, —algebra is a symmetric monoidal functor F' : Disc” — €® where
%® is a symmetric monoidal co—category. As I is determined on objects by its value of a single

disc, we define & := F(R"), and we use & to refer to the associated E,—algebra.
Definition 2.3.7 [AF15]. A symmetric monoidal oo-category % is ®—presentable if
1. ¥ is locally presentable with respect to an infinite cardinal x and

2. the monoidal structure distributes over small colimits i.e. the functor C ® _ : € — €

carries colimit diagrams to colimit diagrams.
Remark 2.3.8. Both Pr® and Cat; are ®-presentable [BZBJ18a, [KLOT| Kel05].

Definition 2.3.9. Let €© be a ®7presentableﬁ| symmetric monoidal co—category and let F' :
Disc™ — €® be an E,—algebra with & := F(R"). The left Kan extension of the diagram

Disc” —L - ¢®
1
[ -
e f &

MAdy -

is called thd] factorisation homology with coefficients in &; its image on the manifold ¥ is called

the factorisation homology of 3 over & and is denoted fz &.

tSlightly weaker conditions than ®-presentable are possible see [AF15]
*As factorisation homology is defined via a universal construction we have uniqueness up to a contractible
space of isomorphisms.
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2.3.1 Excision

Factorisation homology like classical homology satisfies an excision property: the factorisation
homology of a cylinder gluing of two manifolds can be obtained from the factorisation ho-
mology of the original manifolds by tensoring relative to the submanifold glued along; hence,

factorisation homology is determined locally.

Y11 Usixo,1) 21,2

00-W

x [0,1]) U (S* x [0,1]) = S* x [0, 1]

@@.

0 1)|_|212—)212

Elll_l —)211

Figure 2.10: An example of the maps which induce the monoidal and module structures of the

factorisation homologies.

When ¥ = C' x [0, 1] for some (n — 1)-dimensional manifold C, the factorisation homology
/. Cx[0,1] & can be equipped with a monoidal structure induced by the embedding

(C x[0,1)U(C x [0,1]) — C x [0,1]

which retracts both copies of C' x [0, 1] in the second coordinate and includes them into another
copy of C x [0,1].

Let ¥ = M Ugx|o,1) N be the collar gluing of the n—dimensional manifolds M and N along
C x [0,1]. The embeddings

MU(Cx10,1) = M
(Cx[0,1]) x N—= N

induces a right fo[O,l] &—module structure on fM & and a left fo[071] &—module structure on
Jy €. In other words, fo[o ;) & is an algebra object in ¢®, and [,, & and [, & are right and
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left modules over this algebra object.

Definition 2.3.10. Let ¥® be a ®-presentable symmetric monoidal co—category. Let &/ be
an algebra object in ¥®, and let .# and ./ € ¥® be right and left modules respectively over
the algebra object <. The relative tensor product M Q. A is the colimit of the 2-sided bar

construction

% MOASADN D MOA DN = MO N

Remark 2.3.11. If € = Pr® or Cat;, then this 2-sided bar construction strictifies after the
second step as they are 2-categories. We shall show in Section that this colimit is given
by the relative tensor product of Tambara (see Definition which is called the relative
Kelly—Deligne tensor product in [BZBJ18a].

Theorem 2.3.12 [AF15]. Let ¥ = M Ucxo,1) N be the collar gluing of the n—dimensional
manifolds M and N along C x [0,1] where C' is a (n — 1)-dimensional manifold. There is an

/ Cg)ﬁ/ 5’®f g/ &.
M'—’Cx[o,l] M Cx[0,1] N

2.3.2 Other Properties of Factorisation Homology

equivalence of categories

As () is the identity for the monoidal product Ll in Mfldy,,

/éa’llcg@)
0

We can embed the empty manifold into any manifold, and this embedding # — ¥ induces a
morphism lge ~ f@ & — fz &, giving a pointed structure to factorisation homology.

Theorem 2.3.13 [BZBJ18al [AF15, [AFTI7]. Let & be an Ey-algebra in €%. The functor [ &

is characterised by the following properties:

1. If U is contractible then then is an equivalence in €%

/éa’:g;
U

2. If M =2 C x [0,1] for some 1-manifold with corners C then the inclusion of intervals

inside a larger interval induces a canonical Ey—structure on fM &.

3. [ & satisfies excision (see Theorem .

2.4 Reduction Systems and the Diamond Lemma

Both the universal enveloping algebra of a Lie algebra U(g) and its quantum group U,(g) have
a Poincare-Birkhoff-Witt basis (PBW-basis). In the case of U(g) this means that if xy,..., 2
is an ordered basis of g then U(g) has a vector space basis given by the monomials

ki k k
Y1yt ey
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where k; € Ng and x; — y; via the map g — U(g). In the case of U, (g) this means that U,(g)

has a vector space basis given by the monomials
(X (XK K (X)L (X))o

where a;,c; > 0 and b; € Z.

In this section we recall the definitions and results needed to define and prove the existence
of such bases. We will use these results in Section [3.2]and Section [3.5|to provide PBW-bases for
the algebra objects and invariant algebras of the factorisation homology of the four—punctured
sphere and punctured torus with coefficients in Repq(SLg). The definitions given in this section
can be found [Ber78]| except those relating to the reduced degree which can be found in [Cas17],
and the main result is the Diamond lemma for rings proven by Bergman in [Ber78]. Let k be
a commutative ring with multiplicative identity and X be an alphabet (a set of symbols from

which we form words).

Definition 2.4.1. A reduction system S consists of term rewriting rules o : W, — f, where
W, € (X) is a word in the alphabet X and f, € k(X) is a linear combination of words. A
o-reduction r,(T) of an expression T € k(X) is formed by replacing an instance of W, in
T with f,. For example, if X = (a,b) and S = {o : ab — ba} then r,(T) = aba + a is a

o-reduction of T' = aab + a. A reduction is a o-reduction for some o € S.

Definition 2.4.2. The five-tuple (0,7, A, B,C) with 0,7 € S and A, B,C € (X) is an overlap
ambiguity if W, = AB and W, = BC and an inclusion ambiguity if W, = B and W, = ABC.
These ambiguities are resolvable if reducing ABC by starting with a o-reduction gives the
same result as starting with a 7—reduction. For example if S = {o : ab~ ba, T : ba + a } then
(o,7,a,b,a) is an overlap ambiguity which is resolvable as aba Ko ba? v a? gives the same

. T, 2
expression as aba — a“.

Definition 2.4.3. A semigroup partial ordering < on (X) is a partial order such that B < B’
implies that ABC' < AB’C for all words A, B, B, C; it is compatible with the reduction system

S if for all 0 € S the monomials in f, are less than W,.

Definition 2.4.4. A reduction system S satisfies the descending chain condition or is termi-
nating if for any expression T' € k(X)) any sequence of reductions terminates in a finite number

of reductions with an irreducible expression.

Lemma 2.4.5 The Diamond Lemma [Ber78|. Let S be a reduction system for k(X) and let
< be a semigroup partial ordering on (X) compatible with the reduction system S with the

descending chain condition. The following are equivalent:
1. All ambiguities in S are resolvable (S is locally confluent);

2. Every element a € k(X) can be reduced in a finite number of reductions to a unique

expression rg(a) (S is confluent );

3. The algebra R = k(X )/I, where I is the two sided ideal of k(X) generated by the elements
(Wo— fo), can be identified with the k—algebra k(X )i,y spanned by the S—irreducible mono-
mials of (X) with multiplication given by a-b = rg(ab). These S—irreducible monomials
are called a Poincare—Birkhoff-Witt-basis of R.
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Remark 2.4.6. Bergman’s Diamond Lemma is an application to ring theory of the Diamond
Lemma for abstract rewriting systems. An abstract rewriting system is a set A together with a

binary relation — on A called the reduction relation or rewrite relation.
1. It is terminating if there are no infinite chains a9 — a1 — ag — .. ..

2. It is locally confluent if for all y « x — z there exists an element y | z € A such that
there are paths y — -+ = (yl2) and z = - - = (y | 2).

3. It is confluent if for all y < ... < x — ... — z there exists an element y | z € A
such that there are paths y — -+ = (y } 2z) and 2z — -+ — (y | 2). In a terminating
confluent abstract rewriting system an element a € A will always reduce to a unique

reduced expression regardless of the order of the reductions used.

The Diamond Lemma (or Newman’s lemma) for abstract rewriting systems states that a ter-

minating abstract rewriting system is confluent if and only if it is locally confluent.

Figure 2.11: If the abstract term rewriting system is

X
/ \ locally confluent there exists b | d forming a small di-
, b - P ¢ N amond shape. If it confluent there exists a | d form-

" Ty v "y ing a larger diamond shape. The Diamond lemma
a blc d

\ / to give the larger diamonds and inducting on path

\ ,/ length, hence the name.
ald

is proven by patching together the small diamonds

In this thesis the semigroup partial ordering we shall use is ordering by reduced degree:

Definition 2.4.7. Give the letters of the finite alphabet X an ordering z; < --- < zy. Any
word W of length n can be written as W = x;, ... x;, where x;, € X. An inversion of W is a

pair k <! with x;, > z;, i.e. a pair with letters in the incorrect order. The number of inversions

of W is denoted |[W]|.

Definition 2.4.8. Any expression T can be written as a linear combination of words T =
> aWi. Define p,,(T') := 3 cpain(wi)=n,ci20 [Wil. The reduced degree of T' is the largest n such
that p,(T) # 0.

Definition 2.4.9. Under the reduced degree ordering, T < S if
1. The reduced degree of T is less than the reduced degree of S, or

2. The reduced degree of T' and S are equal, but p,(T) < p,(S) for maximal nonzero n.
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Chapter 3

Quantum Character Varieties via

Factorisation Homology

In this chapter we wish to consider the factorisation homology of the four—punctured sphere
Yo0,4 and punctured torus ¥, ; with coefficients in the category Repq(SLg) of integrable repre-
sentations of the quantum group U, (sly). Throughout this chapter we set k = C and assume

q € C is not a root of unity.

3.1 Factorisation Homology of Quantum Groups

The first step is to describe fz Repq(SLg) for ¥ =¥y 4 or ¥1; as a category of modules of an
algebra and give a presentation for this algebra which is a straightforward application of the
work of Ben-Zvi, Brochier and Jordan [BZBJ18a]. In this section we shall define Rep,(G) and
briefly outline the relevant results from [BZBJ18al.

3.1.1 Category of Integrable Representations of Quantum Groups

Let G be a connected Lie group such that Lie(G) = g is a finite—dimensional complex semisimple
Lie algebra. Let b denote the Cartan subalgebra of g, (-,-) denote the Killing form, and

IT={ay,...,a,} denote the simple roots.

Definition 3.1.1. A representation of U(g) is integrable if it is the differential of a representa-
tion of G.

Remark 3.1.2. As SLs is simply—connected every representation of sly = Lie(SLy) is integrable.

Proposition 3.1.3 [CP94]. Every finite-dimensional Uy (g)-module is semisimple and the de-
composition corresponds to the decomposition of finite—dimensional g—modules. The simple

modules are characterised by their highest weights. The highest weights of Uy(g) are

w = o)tV

for any homomorphism o : ZI1 — +1 and highest weight X of g.

Definition 3.1.4. The finite-dimensional U, (g)-module V1 &- - - &V, is of type 1 if the highest
weight of each simple module V; has the form ¢'*#23) for some highest weight Ajofgieo; =1.
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Corollary 3.1.5. The finite-dimensional Uy(g)-modules of type 1 correspond to the finite—
dimensional g—modules. Its category of finite-dimensional representations Repgd(G) is the
category with objects the finite—dimensional integrable modules of Uy (g) of Type 1 and morphisms

being module homomorphisms.

Definition 3.1.6. Let G be a connected Lie group such that Lie(G) = g is a finite-dimensional
complex semisimple Lie algebra. The finite-dimensional integrable representations of U,(g) are

the finite-dimensional, type 1 U, (g)-modules which correspond to integrable g-modules.
We are now in a position to define Repl;d(G) and Rep,(G).

Definition 3.1.7. Let G be a connected Lie group with semisimple Lie algebra g. The category
of finite—dimensional integrable representations Repgd(G) is the category with objects the finite—

dimensional integrable U, (g)-modules and morphisms being module homomorphisms.

Definition 3.1.8. Let G be a connected Lie group with semisimple Lie algebra g. The category
of integrable representations Repq(G) is the category with objects being possibly infinite di-
rect sums of simple finite-dimensional integrable U, (g)-modules and morphisms being module

homomorphismslﬂ

We shall now equip Repgd(G) with the structures of a ribbon category; Rep,(G) inherits
its ribbon structure from Repgd(G). For more details see [CP94, [ST09, K'T09)].

I. The monoidal product
® : Repfld(G) X Repgd(G) — Repgd(G)

is defined as follows: if VW € Repgd (G) then V@W is the vector space V ®&c W equipped
with U, (g) action defined by g- (V ®@ W) = (A(g)1 - V,A(g)2 - W).

IT. The monoidal category Repfld(G) has duality. Let S denote the antipode of U,(g). The
dual of V' € Rep‘;d(G) is the dual vector space V* = Hom(V, C) with U,(g) action defined
by g- f(v) = f(S(g)v) for g € Uy(g), vE€ V and f € V™.

III. We define R := (X' ®@ X 1)A(X) where X := J@p0: Op o is the quantum Weyl element
corresponding to the longest element wy of the Weyl group of g, and J is the operator which
acts on finite-dimensional representations of U,(g) by multiplying each vector of weight p
by g2 {#m+kp) A braiding of Repgd(G) is given by ¢ff 1, (V@ W) = 1y, (Zn(V @ W)).

IV. The twist 8 is defined as follows: € acts on the irreducible representation V) of highest
weight \ as the constant ¢~ MM =2(AP) where p € b such that (a4, p) = d; for all i.

Remark 3.1.9. Morally R should be considered as an R—matrix of U, (g) with

1 _
J:=exp |h 52(3 YijHi © Hj + Hp | | ;

4,3

however, R is not an element of U,(g) ® U,(g), so isn’t. It is, however, an R-matrix of the

non-specialised quantum group Uy (g).

TNote that Repq(G) is the ind-completion of the category of finite dimensional modules
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Universal R—matrices generate solutions to the Yang-Baxter equation:

R12R13R23 = R23R13R12

The Yang-Baxter equation has a physical interpretation as fol-
lows. Suppose one is modelling scattering of identical particles,
and one assumes such scattering does not create or destroy par-

ticles. One can associate to each particle in the system a vector

space V. The elastic collision of two particles is modelled by
transforming the initial state V' ® V' by applying the R—matrix.
Now one wishes to consider the collision of three particles. Due
to relativistic effects whether the three particles collided simultaneously or pairwise, and in
which order, depends on the observer, so the collision of three particles can be modelled as
a sequence of of R—matrix applications which model the pairwise collisions. The quantum
Yang—Baxter equation is a consistency relation which ensures that the two ways of resolving

the collision pairwise give the same result.

3.1.2 Computing the Factorisation Homology for Punctured Surfaces

The factorisation homology [y & of the punctured surface X is an &-module category.

Figure 3.1: An illustration of the map ¥ UD — 3. The surface X9 has a interval marked in
red along its boundary along which the disc D is attached. The resultant surface is isotopic to
2271.

Choose a interval along its boundaryﬂ
YUD =X,

which attaches the disc D to ¥ along the marked interval, induces a fD &—module structure
on [ &. As [[ & ~ & in €%, this means that [ & is a & module. Not only is [, & module

category, but it is also the category of modules of an algebra.

Definition 3.1.10. Let €% = Rex™. The distinguished object ¢ 5, of a factorisation homol-
ogy of X over & is the image of k under the pointing map Vecty — fz &.

Definition 3.1.11. The algebra object A, of the factorisation homology of 3] with coefficients

in & is the internal endomorphism algebra of the distinguished object

Ay, :=Ends(Os x).

fThe module structure depends on the choice of marking.
*The algebra object is dependent on the choice marking of ¥
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This is called the moduli algebra of ¥ in [BZBJ18al.

Proposition 3.1.12. [BZBJ18d] Let ¥ be a punctured surface, and & be a rigid braided tensor
category, for evample Rep,(G) where G is a reductive algebraic group. We have an equivalence

of categories
/Zéa ~ AE*mOdRepq(G),

where Ay is the algebra object of the factorisation homology.

Remark 3.1.13. Note that as the factorisation homology is equivalent to a category of modules

of an algebra, it is an abelian category.

There is a combinatorial description of Ay in terms of the gluing pattern of the surface.

Definition 3.1.14. A gluing pattern is a bijection
P {1,1,...on,n }—>{1,2,...,2n—1,2n}

such that P(i) < P(i') foralli=1,...,n.

A gluing pattern P determines a marked surface ¥(P) by gluing together a disc and n handles
H; 2 [0,1]? as follows: mark the disc with 2n + 1 boundary intervals labelled 1,...,2n + 1; for
each handle H; mark two intervals ¢ and 7' on the boundary; glue the handles to the disc by
identifying the interval ¢ with the interval P(¢) and the interval ¢’ with the interval P(i’) for all
t=1,...,n. The final interval 2n + 1 on the boundary of the disc gives ¥(P) a marking.

Definition 3.1.15. The handles H; and H;, with i < j are:
1. positively linked if P(i) < P(j) < P(i') < P(j'),
2. positively nested if P(i) < P(j) < P(j) < P(¢'),
3. positively unlinked if P(i) < P(i") < P(j) < P(j).
By relabelling the handles we can assume all handles are of the above forms.

Example 3.1.16. The four—punctured sphere has the simplest possible gluing pattern with
three handles

P:{1,1',2,2,3,3} —{1,2,3,4,5,6} :
P(1)=1,P(1') =2,P(2) = 3,P(2) = 4, P(3) = 5, P(3/) = 6.

All three of its handles are positively unlinked.
Example 3.1.17. The punctured torus has the gluing pattern
P:{1,1',2,2} -+ {1,2,3,4}: P(1) =1,P(1') = 3,P(2) =2, P(2') = 4.

The handles H; and Hs are positively linked.

Definition 3.1.18. Let & = Rep,(G) for a reductive algebraic Lie group G, (&) is generated
by elements of the form v!®@v; € V*®@V for some representation V € &. We define the crossing
morphism

Ki;j:0&) Y2 0(6)9 - 0(6)Y o)
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1234 \ U 15 W
I X I = = EBEwme o
Sy v
Figure 3.3: The gluing pattern of ¥ ;.
using the braidings
&) @ ﬁ &) o(£)0) ® ﬁ’ &) &) ® @’ &)
(z) ®0(& (J) o0& (1) ® 0(& (z) ® 0(&
Linked Crossing Nested Crossing Unlinked Crossing

where strand crossings are determined by the chosen R-matrix and antipode S of U,(g) are as

follows:

ov,w(w®v) =TV, o R(w ® v);

oy« w (W ®v) =Ty wo (S®id) o R(w* @ v) = Ty« w o R (w* ®@wv);
oy (w®@v*) = Ty w- o (id ® R) o R(w ® v*);

ovews (W @v*) = Ty« w0 (S®8) o R(w* @ v*) = Ty« - 0 R(w* ®v*).

As the crossing morphisms satisfy the Yang—Baxter equation, they can be used to extend the

multiplication m : O(&) ® 0(&) — (&) to a associative multiplication map m,, : O(&)%" @
O(&)%" — 0(&)®™ turning O(&)®™ into an algebra [Leb13].

Proposition 3.1.19. [BZBJ18d] Let ¥(P) be a surface determined by a gluing pattern P and
let & = Repq(G) for a reductive algebraic Lie group G. Then Aspy is isomorphic to the

33



AR

0(6)Veo(6)Peo(6) Vo8 &) Veo(6)Poo(&)W

Figure 3.4: The multiplication map for &(&£)®* where the crossing of strands €(&)® and
0(&)Y) is given by the braiding K; ;

algebra
ap = ﬁ(g)(l) R ® ﬁ(g)(n),

where (&)@ is the reflection equation algebra of Uy(g), and the crossing morphisms K” :
OE)IN20(6)D = 0(8))@20(8)9) wherei, j are consecutive are given in Definition|3.1.18,

3.2 The Factorisation Homology of the
Four—Punctured Sphere and Punctured Torus over
Mq(ﬁ[g)

Using Proposition [3:1.12| we have that the factorisation homology of the four-punctured sphere
and punctured torus over U,(sls) is AzfmiodRepq(G) where Ay, is the algebra object of the
four-punctured sphere ¥y 4 and punctured torus X;,; respectively. We shall use Proposition
@to obtain presentations of Ay, , and Ax, ,. In order to do this, we require a presentation
of the reflection equation algebra & (Rep,(SL2)) and a description of K; ; in each case.

The R-matrix for U, (sl2) when evaluating on the standard representation of i, (sl2) is given
by

R Ri? R R?2 q O 0 0
R Ri; Ri3 R R 1101 (g—q7 1) 0
T 11 12 21 2 | =4
R31 Rsi R3; Ry 0 0 1 0
R R12 R R22 0 0 0 q
We shall also require
gt 0 0
. 01 ¢3¢ -9
R:=(1d®S)(R) =q *
Wes®=qt| 0T
0 O 0 g !

where S is the antipode of U (sly).

Definition 3.2.1. [BJI18] The reflection equation algebra &'(Rep,(SL2)) is generated by the
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four elements

which satisfy the following:

1. The quantum determinant det,(A) := afa3 — ¢?ala} =1, and

2. The reflection equation a

v,wE{O,l}m

l _ pop —1\kl psj pwu i v S
ma’Ir) - Rmk(R )inu]'uRor asa’w Where % 7, ka la m, o, p,T,Ss,

Or more explicitly the reflection equation algebra &(Rep, (SL2)) has generators af, a3, a?, a3

and relations

ayai = ajay + (1 — ¢ ?) aja3, (3.1)
aja; = ajaf — ¢~ * (1 —¢7%) aja3, (3.2)
atay = ayal + (1—q7?) (aja3 — a3a3) , (3.3)
asai = ajas, (3.4)
asay = ¢*ajas, (3.5)
asaf = ¢~ *aia3, (3.6)
ata3 =1+ ¢*ayas. (3.7)

Definition 3.2.2. The braiding on Rep,(SL2) for positively unlinked handles H; and Hj; is
the map

K;; : 0(Rep,(SL»))"”) ® 0(Rep,(SL2))") — 0(Rep,(SL2))") ® O(Rep,(SL2))!" :
K;;(y @ af) = R Ry Ry" (R_l)];i z, @ yh,
where 27 and y§ are generators of Rep((;)(SLg) and Repl(zj )(SLQ) respectively.

Corollary 3.2.3. The factorisation homology of the four—punctured sphere with coefficients in
Rep,(SLy) is fEM Rep,(SLy) ~ A20’47m0dRepq(SL2) where As, , is an algebra with twelve

generators organised into three matrices

A= ai B := b b C:=
af a3)’ biob3)

subject to the relations

rixs = 1+ ¢*xyas (determinant relation) (3.8)
yl ab = Rka(Rfl)f;st)uvR;“T“ziyz) (reflection equation) (3.9)
Yy = R}%RZ{R%” (R™Y)poabyr, (crossing relation) (3.10)

TThe reflection equation algebra is usually given as R21 A1 RA2 = AaRo1 A1 R where A1 := ARQI, Ay .= IQA,
and Rgy := 7R, for example in [DMO03| and [GPS08|]. Our version is the tensor version rearranged using the

relations Y (R™1)}J RE,, = 63,6} and Y R Rl = 67767
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where x € {a,b,c}, e, f,g,h,i,5,k,l,m,n,o,pe {0,1},

q 0 0 0
R= gt 01 (¢g—¢7*) 0
0 0 1 0
0 0 0 q

is the standard quantum R-matriz for U,(sly) when evaluated on the standard representation
of Uy(sl2) and

¢t 0 0 0

Rogt| 0 L@ 0
0 o0 1 0

0 o0 0 ¢!

Definition 3.2.4. The braiding on Rep, (SLo) for positively linked handles H; and Hj is the

map

K;; : Repl” (SLy) ® Repl!) (SL,) — Rep\/’ (SL2) ® Rep! (SLs) :
Kij(yf @ 25) = Rig R R (R™Y)0 ol @ o,

where 27 and y§ are generators of Rep((f)(SLg) and Repgj )(SLQ) respectively.

Corollary 3.2.5. The factorisation homology of the punctured torus with coefficients in Uy(slz)
is le  Rep,(SL2) >~ Ay, , -modge, (s1,) where As, , is an algebra with eight generators or-
5 ’ q ’

A= (4 %) p= (0
aiy ap by b3

ganised into two matrices

subject to the relations

riad =1+ ?ale? (determinant relation) (3.11)
Yha? = ROP (R RS R alyy, (reflection equation) (3.12)
yrs = NZEJ-R%R?}” (Rfl)sz zh @ y?, (crossing relation) (3.13)

where x € {a,b,c}, e, f,g9,h,i,5,k,l,m,n,0,p € {0,1} and the R—malrices are the same as in

Corollary[3.2-3

3.2.1 Poincaré-Birkhoff-Witt bases for Ay,, and Ay, ,

We now construct a PBW basis for &(Rep,(SLz)) which we shall use to construct PBW bases

for As,, and Ay, ;.
Proposition 3.2.6. The monomials
{ (a1)*(a3)"(a})"(a3)’ | @, 8,7,6 € No, B ory =0}

are a PBW basis for the reflection equation algebra O(Rep,(SLz)) with respect to the ordering

al < ab < a?<adi.
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Proof. The relations defining &(Rep,(SL2)) can be re-expressed as the term rewriting system:

01211 : a%a% — a1a2 (1 —q 2) a%a%,

02111 : a%a% — a%a% 2 (1 — q_2) a%a%,
02112 : a?a2 — a2a1 + (1 —q 2) (a%a% a%a%)
09211 CL%CL% — al(l%,

09212 © a%a% — q%%a%,

09991 a%a% —q 26@(1%7

o121 1 ayal — q % +q aja3.

The monomials listed in the statement of the result are the reduced monomials with respect

to this term rewriting system; furthermore, there are no inclusion ambiguities, and the overlap

ambiguities are

1
0’2112,012117&17@27@1 ,

—

02221, 02111,02,611,@1

)
),
02112, 012217(114127(1%)7
1)

(
(
(
(

01221,021117%7@17@1 ,

1
02212,01211,%,@2701 ,

—

02221702112,02701,%

2
1

bl

02212, 012217%7@27&

b

[

( )
( )
( )
(01221, 02112,%7@17@2)

We shall order &(Rep,(SLz)) with respect to the reduced degree where we give the gen-

1
1

1
2

2
1

erators the ordering al < a} < a? < d3.

This ordering is compatible with the given term

rewriting systems and the rewriting will terminate, so if the ambiguities are resolvable then we

can apply the Diamond lemma, and we are done. It can be checked by direct calculation that

the ambiguities are resolvableﬂ For example for

the first ambiguity we have that both

(a%a%) al (o2112) a% (a%a%) + (1 _ q—Q) (a%aga% (ag)z ai)
(02111,02211 (a%ai) (1 —q 2) a%a?ag
+(1-q7?%) (a ~a} ()°)
(0311) % % % (1 —q 2) a2 (a%a%) (1 - q72) a%a1a2
(1—q ( —aj (ag)Q)
(o2221) alala? 4 ¢ 2 (1 —q 2) ayala3 — ¢72 (1 —q 2) ayaiaj
+(-0) () 6 - ol ()°)
= aaai+ (1-¢7?) ((a1)2 a3 — a1 (a§)2>
and
(12 (a%a%) (Uléll) (a%a%) a% 4 (1 _ q_2) a%a%ag
) 1020l — 2 (1— ¢72) a? (a2ab) + (1 — ¢2) a2ala?
(azglz) %a%a% _ (1 _ q72) a%a%a% + (1 - q72) a?a%ag

TWe used the computer algebra system MAGMA to
chapter.
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= aj(ajay)

2 alabat + (1072 ()3 — ol (a3)°)
give the same result, so the first ambiguity is resolvable. O
Proposition 3.2.7. A PBW basis for As, , is
{ (a1) (ap)™ (a?)™ (a3)* (b1)*2 (b3) "2 (b3)72 (63)°2 (c1)** (e3) ™ (1) (3)* |
| i, Biyvi € No, Bi ory; =0}
Proof. By Proposition we have a PBW basis
{ (a1)*(a3)"(a})"(a3)’ | @, 8,7,6 € No, Bory=0}

for the reflection equation algebra &(Rep,(SLz)). The algebra Ay, , is the tensor product of
three copies of &(Rep,(SL2)); hence,

{ (a1) (az)™ (a3)7* () (1) (b3)" (b7)72 (63)2 (c1) ™ (e3) ™ (7)™ (c3)

| aiuﬁmfyi S NOa ﬂ’i or 7v; = O}
is a PBW basis for it. O

Proposition 3.2.8. A PBW basis for As, , is

{ (a1)* (az)™ (ad) " (a3)™ (b7)°2 (b3)" (b3)72 (63)** | i, B, i € No, Bi or i =0}
Proof. Similar to above. O

We will need an alternative PBW basis for Ay, , in Section [3.4} so we shall now give an
alternative basis for (Rep,(SLz)), and then use it to give the alternative PBW basis for Ay, , .

Proposition 3.2.9. The monomials
{(a})*(a1)"(a3)"(a3)’ | @, B,7,6 € No, B ory =0}

are a PBW basis for the reflection equation algebra 0(Rep,(SLz)) with respect to the ordering

a? < al < a3 <al.
Proof. A term rewriting system for &(Rep,(SLz)) is

11 1.1, -2 —2y 2 1
Ti211 © G0y = @10y +q (1 — ¢~ )aszas,

1.2 2 1 —2 —2\ 2 2
Tii21 : @107 = ajay; —q (1 —¢q “)atas,

Tioo1 : agal — ¢ 2ajay —q 2(1— ¢ 2)(1 — (a3)?),

o201 1.2
T2211 : G307 —r A1 G5,

1.2 -2 21
T1222 : QoG5 — q “a5a5,

. 2.2 -2 2 2
T2221 - ARG7 > ¢ ~ajas,

Tiie2 tajas = q 2 +ajay + (1 — ¢ ?)(a3)’.
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The monomials given in the statement of the result are the reduced monomials with respect
to this term rewriting system; furthermore, there are no inclusion ambiguities, and the overlap
ambiguities are

2

7’121177'11217(127(117(11 ) 7'2211771121,%,@1;@1 ,

=

( )
(7'122277'22117%,&27&1)7 7'1222772221,@2,02,
( 3)
( 1)

( 1)

( ai),
72211,7'11227CL27CL17CL2 ) (7'1211,7'1122,02,01, ),

( 1.

711227T2211,a1,(127a17 71122772221,%,@2,@1

We shall order &(Rep,(SLz)) with respect to the reduced degree where we give the gen-

erators the ordering a? < ai < a3 < ai. This ordering is compatible with the given term

rewriting systems and the rewriting will terminate, so if the ambiguities are resolvable then we
can apply the Diamond lemma, and we are done. It can be checked by direct calculation that

the ambiguities are resolvable. O
Corollary 3.2.10. An alternative PBW basis for As,, , is
{ (a1) (ap)™ (af)™ (a3)* (07)*2 (b1)72 (b3)72 (b3) 2 (c1)** (e3) ™ (1) (3)™ |
| i, Bi,vi € No, B ory; =0}
Proof. The same as Proposition [3.2.7] expect we use the PBW basis
{ (D) (01)7(63)7(b3)° | @, B,7,6 € No, for y =0}

from Proposition for the second copy of &(Rep,(SLz)) in As, , = 0(Rep,(SLy))*®. O

3.3 The Algebra of Invariants and Character Varieties

Given a surface X there are several invariants of ¥ based on the representations of the its

fundamental group m(X).

Definition 3.3.1. The representation variety R (L) is the affine variety Ra(X) = {p : m (X)) = G }

of homomorphisms from the fundamental group of 3 to the reductive algebraic group G.

Definition 3.3.2. The character stack Chy(X) is the quotient R (X)/G of the representation
variety of the surface R (X) by the the group G acting upon it by conjugation.

Definition 3.3.3. The character variety Chg(X) is the affine categorical quotient R (X)//G
of the representation variety of the surface Rg(X) by the the group G acting upon it by

conjugation.

The character stack Ch(X) is intimately related to the factorisation homology of ¥ with
coefficients in the category Rep(G) of representations of G:

Theorem 3.3.4. [BZBJI8d] If ¥ is a surface, then we have an equivalence of categories
QCoh(Ch, (2 /Rep
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between the category of quasi-coherent sheaves on the character stack Cha(X) and the factori-

sation homology of the surface ¥ with coefficients in Rep(G).

Proposition 3.3.5. [BZBJi18d] Let ¥ be a punctured surface. The algebra object Ay of
Js Rep,(G) is a quantisation of the character stack Chg(X).

Remark 3.3.6. The character stack Ch () is often called the character variety. Another name

for the character variety Chg(2) is the affine character variety.

We now turn our attention to quantising the character variety Chg(X%).

Definition 3.3.7. The algebra of invariants /5 of the punctured surface ¥ with respect to the
quantum group U,(()g) is (End(Ax))4(08) the algebra of invariants of Ay, under the action of

Uy (()9)-

To quantise Chg(X) we deform the Poisson algebra of functions on Chg(X), and a suitable

deformation of this Poisson algebra is given by «#%::

Proposition 3.3.8 [BZBJ18a]. Let ¥ be a punctured surface. The the algebra of invariants
s, of fz Rep,(G) is a quantisation of the character variety Chg(X).

Example 3.3.9. From Section @, we recall that the algebra object Ay, , is generated by

vy @
v} a3

for € { a,b, ¢} and where x§ € V*®V. The quantum group U, (sly) is generated by E, F, K*

whose images in the standard 2—dimensional representation are

e (0N p (00 k(0 0
0 0 10 0 ¢!

It is a Hopf algebra with coproduct A defined by

twelve generators

AE)=E®1+K'@E A(F)=FK+10F, A(K)=K®K;
antipode S defined by
S(E)=KE, S(F)=-FK™', S(K)=K™

and counit € defined by €(F) = ¢(F) = 0,¢(K) = 1. The vector space V with basis {v1,v2 }
has an U, (sl3) action on it defined by

K-vi=qui; K-vo=q vy
E-v; =0; E vy =wy;
F"U1:’U2; F"UQZO.

The action on the dual V* is defined by X - u*(w) = u*(S(X)w) where X € Uy(sly), u* €
V*,w € V, so on the basis { v!,v?} is given by

K vl = qul; K -v? =q W%
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The action of U, (slz) on V* @V is defined via the coproduct; hence, it acts on As, , as follows:

1_ 1. 1_ 21, -2 2 2 _ 2.

K -ay = ay; K a3 = q ay; K'alfq ar; K - a3 = a3;
—1.1 1 . _ 1y. 2 _ 1,
E'al_q Qg; E a3 =0; E‘“1-Q(a2_a1)7 E a3 = —qas;

F-ayj=-q %}, F-ay=ai—a3 F-af=0; F-a3 =di.

An element x € Ay, , is an invariant of the U, (slz)-action if h-v = e(h)vie. E-v = F-v =0
and K -v = v. So, the algebra of invariants quantisation of the SLs—quantum character variety
of 3.4 is given by the elements of Ay, , which are invariant under this action. We shall give a
presentation for o7, , in Section

3.4 Hilbert Series Calculations

In this section we shall compute the graded character of the algebra objects Ax,, and As, .,
and then use these to compute the Hilbert series of the algebras of invariants %, , and %, ,
which we will need in the proof of presentation of %, , and @, , in the next section. A Hilbert

series encodes the dimensions of the graded parts of an algebra.

Definition 3.4.1. The associated graded algebra of the Z filtered algebra A = UneZ+ A(n) is
A(0) forn=0
= @ Aln] where A[n] = A(n)
neZy n/A( ~1) for n > 0.
Definition 3.4.2. The Hilbert series of the Z. graded vector space A = P,,c7, A[n] is the

formal power series
t) = Z dim(A[n])t

The Hilbert series of a Z, graded algebra A is the Hilbert series of its underlying Z, graded
vector space, and the Hilbert series of the Z, filtered algebra A = J A(n) is the Hilbert
series of the associated graded algebra ¢ (A).

neZy

A graded character of a filtered/graded representation encodes the dimensions of graded

parts and weight spaces simultaneously.

Definition 3.4.3. Let V be a vector space acted on by U,(g) and let V¥ denote the ¢*—weight

space of V' where k € Z. The character of V is the formal power series

chy (u Z dim Vk
keA

Definition 3.4.4. Let V = @, V[n] be a graded vector space acted on by U,(g). The graded

character of V is
hy (u,t) == Z chy ) (u Z dim ( ukt,

n

where V[n]* is the ¢*-weight space of V[n]. If V is filtered rather than graded the graded
character of V' hy (u,t) is hg v (u,t), the graded character of associated graded vector space
Gg(V).
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Let ¥ =3 4 or X1 ;. Both Ay, and its subalgebra .27; have filtrations by degree:

Az = |J Am); o= | 2(n)

ne€Zy n€l4

where A(n) and &/ (n) are the span of monomials in Ay, and <% respectively with at most n

generators.

Remark 3.4.5. Unless otherwise stated, Hilbert series will always assume grading by degree,
and the action of U, (sly) will always be that stated in Example

As g%, is the part of Ay with weight 1 = ¢° under the action of U, (sl2), the terms of the
graded character hag, (u,v) where k = 0 give the Hilbert series h, (t); hence, we shall:

L. Compute the graded character of &,(Rep,(SL2)) which we use to
I1. Compute the graded character of Ay, and then

III. Extract the terms of the graded character which give the Hilbert series of 2.

3.4.1 The Graded Character of the Algebra Objects Ay, and Ag,

Proposition 3.4.6. The graded character of 0,(Rep,(SLz)) is

(1+1)
(1—t)(1 —u2t)(1 —u=2t)

hﬁq (u, t) =
Proof. Recall from Proposition that 0,(Rep,(SL2)) has basis

{(a1)*(a3)” (a1)"(a3)’ | @, B,7,6 € No; Bory=0}.

We shall denote X, 5.5 := (a})®*(al)?(a?)?(a3)’. The n'" graded part 0,[n] := (04(Rep,(SL2))) [n]
has basis
{Xaprsla,B,7,6 €Nos fory=0; a+S+v+d=n}.

We can see from Example that al,al,a?, a2 have weights 1,q?,¢~2, 1 respectively, so
K- Xopqys =K ((a})*(a3)°(a1)7(a3)°) = ¢*°7*7(a1)*(a3)"(a})7(a3)° = ¢**"7 X0 5 6,

and X, 5.5 has weight ¢?(®~7). This means that &,[n]*, the ¢* weight space of @,[n], has

basis
{Xaprslo,B,7,0€Ng; Bory=0; a+B+y+d=n;2(8—7)=k}.

If k is odd the final condition is never satisfied, and thus &, [n]k = 0. If k = 2m for m > 0 then

we get the basis

{Xapnrs|a,B,7,0€Ny; fory=0; a+pB+v+06=mn; 2(6—7v) =2m}
={Xapo0s|a,B,7,0€Ny; a+8+0=n; f=m}

as B —v>0and 8 or v =0 implies v =0

={Xamos|a,0 ENg; a+d=n—-—m}.
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which is empty if m > n and has n — m + 1 elements otherwise. Finally, if k = —2m for m > 0
then we get the basis

{Xaprysla,B,7,0€Ny; Bory=0;, a+B8+v+d=n; 2(6—7) =-2m}
={Xao~06|,8,7,06€Ny; a+y+d=n y=m}

as f—y <0and 8 or vy =0 implies 5 =0

={Xaoms|a,0 eENg;a+d=n—m}.

which is empty if m > n and has n —m + 1 elements otherwise. Hence

n—m-+1 if k=2m for some m > 0
dimO,n)" ={n—m+1 if k= —2m for some m > 1

0 otherwise,

so the character of 0g[n] is

i@ = (S m i) (S0 )

m=0
u—Qn(u2+2n _ 1)2
(@17

and the graded character of 0, is

ot 7277, 2+2n o 1)

" (1+1)
2_: u2—1 =y —w@ni—u2t)

We note that if V=@, V(n) and W = @, W(n) are two graded vector spaces acted on
by Ug(g) then hygw (u,t) = hy (u,t) - hw (u,t).

Corollary 3.4.7. The graded character of As, , is

- (1+1) ’
fiazy, (1) = ((1 —t) (1 —u?t)(1 - u—2t)) '

Proof. We have from Proposition |3.1.19| that Ax, , = 0, ® 0, ® 0; hence,

3
hA>:074 (u, t) = hﬁq (u, t) . hﬁq (u, t) . hﬁq (U, t) = ((1 — t)(l Elu—;té)(l _ u—Zt))

Corollary 3.4.8. The graded character of As, , is

- (1+1) 2
Mz, (1) = ((1 O - w21 - u—2t>) '
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Proof. We have from Proposition |3.1.19| that Ay, | & 0, ® 0; hence,

hAzlyl (u, t) = hﬁq (u,t) ’ hﬁq (ua t) = ((1 _ t)(l Elu—gt?(l _ u—2t)> ’

3.4.2 The Hilbert Series of <%, and %, ,

Proposition 3.4.9. Let X be any punctured surface and Ay, be the algebra object offE Repq(SLg).
The graded character of As; is

1 _ k-1
has(u,t) = Zmnk — t"

u—u-

formy, 1 € Zy.

Proof. As integrable representations of U, (sla) are semisimple, any finite-dimensional repre-
sentation V' of Uy(slz) when g is generic can be decomposed into V' = @;c,, V[k]™* where
my, € Z4 and V[k] is an irreducible representation with character given by the Weyl character

formula:
k+1 —k—1

u —Uu

chygy =u* +uf 24 pu T = w— -1

Applying this to V' = Ax[n] the degree n part of 4(Ayx) gives

hAz (u’ t) = hg(Az) (u7 t)
= Z Chv[n] (u)t
= 2_chgy viupgras (W
= Z Mk ChV[n](k) (u)t"

n,k
7k71

= E mnk Py t".

O

Corollary 3.4.10. Let Ay, be the algebra object and <5, be algebra of invariants of the factori-
sation homology of [s, Rep,(SLa) for a punctured surface ¥. The Hilbert series hz (t) is given
by the u coefficient of (u —u=1) - hay (u,t).

Proof. From Proposition [3.4.9) we have that
—u
has (u,t) Z My, k t"

— (u—u Hha,(u,t) = Zmnk REL g k=tyn

where

h,(zi): Z My, Ot

44



S0 h.z, (t) is given by the u coefficient of (u — u™1) - ha, (u,t). O

Proposition 3.4.11. The Hilbert series of o5, , is

2 —t+1

Moo= TR

Proof. From Corollary we have that

B (1+1) °
Piasy o (1, 8) = ((1 — 1)1 —u2t)(1 — u—2t)>

1 t3 3¢
Ao\ =P T A=) =0y

3(t2 4+ 1)t N 1
(1=t)2w2—1t) (1—tu?)’
N 3t2 322 +1)
(1—=82)(1—tu?)? (1 —12)2(1 — tu?)
where
1 o 2 2 4,2
(1 —u?t) P
1 L2\, 2y -2 —4
s = U Z(u '=u“+u " t+...
(u? =) par

so the u coefficient of (u —u™") - hay  (u,t) is

1 1 - 3 3t2(1 —2t) 21 —t)(t2 +1) B t2—t+1
(1—1)° (1—12) (1—12)? o @-0+e)?
which by Corollary [3.4.10]is the Hilbert series of .o, ,. O

Proposition 3.4.12. The Hilbert Series of <7, 1 s

1

has s = TP 10

Proof. From Corollary [3.4.8) we have that

s, = g >>2

1—t)(1—u?t)(1—u2t
1+t N t?
T a2 —tu?) | (u? —t)?

t
- +

1-t2)(w2-t) (1- tu2) )

so the wu coefficient of (u — u_l)hAEL1 (u,t) is

(1+1)? = (2t2(1 — 1) -

1
T 02122 \ (1) 2”) AR
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which by Corollary [3.4.10]is the Hilbert series of .o, , . O

3.5 The Algebra of Invariants of the Four—Punctured Sphere

and the Punctured Torus

3.5.1 The Four—Punctured Sphere

We now turn to the first main result of this thesis: giving a presentation of the algebra of
invariants o/, , of f20,4 Repgd (SLs). As explained in Section this algebra defines a SLo—
quantum character variety of ¥g 4.

Recall from Section @ that the generators of Ay, ,, organised into matrices, are:

e at a} B.— bt bl O cad
T 2 2] T b2 p2 ]’ T 2 2]
aiy az 1 02 1 G

Note that the quantum traces Try(A4) = a} + ¢ 2a3, Try(B) = b} + ¢ 2b3 and Tr,(C) =
ct + g~ 2c2 of these matrices are invariant under the action of the quantum group on End(Ay),
and hence are contained in %, ,. Furthermore, the quantum trace try(X) of any matrix
X = va A~ BBiC7i where oy, B, € Np is also invariant under the action of the quantum
group, so must also be contained in &%, ,. The quantum Cayley-Hamilton equation X 2 =
Try (X)X — g ?det,(X) implies that tr,(X) is a linear combinations of the traces Tr,(A),
Tr,(B), Try(C), Try(AB), Tr,(AC), Tr,(BC) and Tr,(ABC). Therefore, these seven traces
generate all the invariants which are of the form ¢r,(X). In this section we prove that these
seven traces in fact generate the entire algebra of invariants o/, , and state the relations these

traces satisfy.

Definition 3.5.1. Let % be the algebra with generators E, F, G, s, t,u,v subject to the rela-

tions:

FE = ¢FEF+ (#—-q¢ )G+ (1-¢*)(sv+tu), (3.14)

GE =q?EG—q¢ ¢ —q¢HF + (1 —q ) (su+tv), (3.15)

GF = @FFG+ (P —q¢HE+ (1—¢%)(st+uw), (3.16)
—E? PGP - (P U 4 0Y)

EFG = { + (st +uw)E +q *(su+tv)F + (sv + tu)G (3.17)

—stuv +q 5(¢* +1)2
and s,t,u,v are central.

Theorem 3.5.2. The map &' : B — o5, , defined by:

s — Tr,(A4),
E s Tr,(AB),
t — Try(B),
F — Try(AC),
u = Trg(C),
G — Try(BC),
v Try(ABC),
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is an isomorphism of algebras. We denote by ® : B — ﬁf;@) the map defined by the same

formulas.

Before proceeding with the proof of this theorem, we shall find a basis for the algebra 2.
As the elements u,v, s and t are central, instead of considering % as an algebra over C with
seven generators, we can consider % as an algebra over the polynomial ring C[s, ¢, u, v]with
generators E, F, G, i.e. = Cls, t,u,v]|(E,F, G)lﬂ

Proposition 3.5.3. A PBW-basis for 4 (%) over C[s,t,u,v] is
{E”FmGl ’n orm orl=0 }
Proof. A term rewriting system for ¢ (B) is given by

OFE : FE|—>q2EF—|—dG—|—ea

oqr : GF — ¢*FG 4 dE + ec

ocp: GE — ¢ 2EG — ¢ 2dF + fb
ogrng : EF"G — f(n)

where
a:=sv+tu, b:=su+tv, c:=st+uv, d:=(¢> —q¢ ), e:=(1-¢%), f:=(1—-q?
and f(n) is defined recursively as follows}

f(1):= —E? — ¢ *F* — G* + ¢cE + ¢ °bF + oG
+ (=g (% + 2+ u? +0?) — stuv + ¢~ %(¢* + 1)?)
f(n):=q 2Ffin—1)+(¢* = 1)GF" G+ (1 —-q ?aF"'G.

We shall use the above term rewriting system for ¢(B) and apply the Diamond Lemma. In
order to do this we must first show that all the ambiguities of the term rewriting system are

resolvable. The ambiguities are
1. (6gr,0rE,G,F, E),
2. (ocpp,0pFnq, F, E,F"G),
3. (g, 0mra, G, E, F"G),
4. (ogpng,06E, EF",G,E),
5. (cgprg,06r, EF™, G, F).
The first ambiguity (ogr,org, G, F, E) is resolvable by direct calculation:

GFE ~¢% > FGE + dE? + ecE
9Ey FEG — dF? + ¢* fbF 4+ dE? + ecE

TThe algebra (E, F,G) denotes the subalgebra of % generated by E, F and G not the free algebra.
*This recursion relation arises from applying 0;113 to EF™@; one could equally apply Ua}w which would give
an alternate term rewriting system.
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I PEFG + dG? + eaG — dF? + ¢? foF + dE? + ecE
is equal to

GFE 22 (?GEF + dG? + eaG
“9E, EGF — dF? + ¢ fbF + dG? + eaG
IS5, PEFG + dE? + ecE — dF? + ¢ fbF + dG? + eaG.

The second ambiguity (0rg,cgrnq, F, E, F*"G) also follows directly:

FEF"G %2 ?EF"P G + dGF"G + eaF"G
9gFntlag

T Ff(n) — dGF"G + (¢* — 1)aF"G + dGF"G + eaF"G
= Ff(n)

is equal to
FEF"G ZZ2°S, Ff(n).

For the remainder of the ambiguities we proceed by induction on n. For the third ambiguity
(0¢E,08FmG,G, E, F"G) one direction is given by:
GEF"G %5 ¢ 2EGF"G — ¢ 2dF""'G + fbF"G

S EFGF™ G 4 ¢ 2dE*F"'G + ¢ 2ecEF" G
— ¢ 2dF"M'G + foF"G

RLLEN (—E2 — g 'F?— G2 + cE + ¢ %bF + aG
—q M+ + %) — stuv+ ¢ %(¢® + 1)2)F"—1G
+ (1 =g HE*F G+ (¢ 2 = 1)cEF"'G — ¢ 2dF""'G + fbF"G

- (ﬂf‘iE2 — F? — G2+ ¢ 2%E + bF + aG
— ¢ HP 2+ u 0 —stuv+ ¢ (P + 1)2)F”_1G forallm > 1 @)

2
Iprn—1g
AL

— F? —G? + bF +aG — ¢ *(s* + 1* + u® +v?) — stuw

40P+ 12)FP G — g B (= 1) g Cef(n— 1) when n AL (1)
This equals the other direction when n = 1:

GEFG 2% _GE* — ¢"*GF? — G® + ¢GE + ¢ *bGF + aG?
— g (P + 2+ u? +0?)G — stuwG + ¢ % (¢* +1)*G
TR —¢ *E?G + ¢ *dEF — ¢ 2fbE + ¢ %2dFE — fbFE — ¢ *GF? - G*
+ ¢ 2cEG — q7%dcF + fbc + ¢ 2bGF + aG?
+ (=4 + 2+ u? +0*) — stwwG + ¢ (" +1)*) G
Jer, —¢ *E?G + ¢ *dEF — ¢ 2fbE + ¢ 2dFE — fbE
— F2G — ¢ %dFE — g 2%ecF — ¢ *dEF — ¢ %ecF — G*
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+ ¢ 2¢EG — ¢ 2dcF + fbe + bFG + q~2dbE + ¢ 2ebc + aG>
+ (=M (> + 2+ u? +0*) — stwwG + ¢ (" + 1)*) G

- (—q_4E2—F2—G2+q_20E+bF+aG
—q (s + 12+ u? 4 v?) — stuvG + ¢ (¢* + 1)2)G

= (1)

And in the general case:

GEF"G 2% ¢2GFf(n— 1) + (¢* = DVGPF"'G + (1 — ¢ 2)aGF""'G

S FGf(n—1) +q 2dEf(n — 1) 4 ¢ 2ecf(n — 1)
+ (= 1DG*F G+ (1 — ¢ HaGF" G
— ¢ 2FEGF" G — ¢ 2dF"*'G + fbF"G
+q 2dEf(n—1)+q %ecf(n—1)+ (¢ * - )G*F"'G
+ (1 — ¢ 3aGF" G by the induction assumption
EE, EFGF™ G + ¢ 2dGP*F" 1G4+ ¢ %eaGF" G — ¢ 2dF" G
+ fbF"G + g 2dEf(n — 1) + ¢ %ecf(n — 1) + (¢* = 1)G*F"'G
+ (1 - ¢ %)aGF" G
RELACKN (—E2 — ¢ *F? -~ G? + ¢cE + ¢ *F + aG
+ (—q_‘l(s2 + 12+ u? +0?) — stuv + ¢ %(¢® + 1)2) )F”_lG
+ ¢ 2dG?F" G + ¢ 2eaGF" G — ¢ 2dF"M G + foF"G
+q 2dEf(n—1)+q %ecf(n—1)+ (¢ * = )G*F"'G
+ (1 - ¢ %)aGF" G
= (—EQ—FQ—G2+CE+bF+aG+ (—q74(52—|—t2—|—u2—|—1}2)
— stuv + ¢ %(¢* + 1)2))F"_1G +q 2dEf(n—1)+q %ecf(n—1)

o n—
LA (—FZ—G2+bF+aG+(—q‘4(52+t2+u2+v2)
— stuv + ¢~ % (¢ + 1)2))F”*1G —q 'Ef(n—1)4q %cf(n—1)

=

For the forth ambiguity (cgprg,ocr, EF™, G, E), one direction is:

EF"GE €2, ¢ 2EF"EG — ¢ 2dEF" + fbEF"
OFE EFn_l(EFG + q_2dG2 4 q_2eaG _ q_zdF2 + be)
222Gy BFL (= B2 = F? = gT*G? + cB 4+ bF + ¢ %G
— g M+t u? +0?) — stuw + ¢ 8 (¢® + 1)2)~

This equals the other direction when n = 1:

EFGE 2229 _F3 — ¢ *F?E — G?FE + ¢E? + ¢ ?bFE 4+ aGE
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+ (M2 +u? +0%) — stuww + ¢ (¢ +1)%) B
=E(-E*+cE—q s+ + v + %) — stuv + ¢ *(¢* +1)*) E
—q 'F’E— G’E + ¢ *bFE +aGE
0'3 OO’3
TEESOGE, B (—E? 4 cE — ¢ 4(s® + 12 + u® + 0?) — stuv + ¢~ %(¢% + 1)?)
— EF? — ¢ %dGF — g *eaF — q *dFG — g *eaF — ¢ *EG® + ¢ *dFG
— ¢ 2fbG + ¢ 2dGF — fbG + bEF + ¢ 2dbG + q~2eab + ¢ 2aEG
—q 2daF + fab
:E<_E2_F2_q_4G2+CE+bF+q_2aG—q_4(s2+t2+u2+v2)
— stuv + qu(qQ + 1)2)'

And in the general case:

EF"GE 2% ¢ 2Ff(n — )E+ (¢ * = 1)GF"'GE + (1 — ¢ ?)aF""'GE

— ¢ *FEF" 'EG — ¢ *dFEF" + ¢ 2fbFEF" ' + (¢* - 1)GF""'GE
+ (1 — ¢ %)aF" 'GE by the induction assumption

0_2

—2, EF"YEFG + ¢ 2dEF"'G? 4+ ¢ %eaEF"'G + ¢ *dGF"'EG
+q¢ *eaF" 'EG — ¢ *dFEF" + ¢ 2fbFEF" ' + (¢* - 1)GF"'GE
+ (1 —q¢g HaF"'GE

oEFG EFn—l(_E2 — ¢ F? — G2 4 ¢E + ¢ 20F + ¢ %G
+ (=g (% + 2+ u? +0?) — stuv + ¢ %(¢* + 1)?) )
+ ¢ YdGF" 'EG + ¢ *eaF" 'EG — ¢ *dFEF" + q 2 fbFEF" 1
+ (@ *=1)GF"'GE +(1—-q ?)aF" 'GE

0'2 00'2
GE®9FE Eanl ( o E2 _ F2 _ q*4G2 +cE +bF + quQG

+ (g M2+ 2+ u? 4 0%) — stuv + ¢ 0(g% +1)2) )

For the final ambiguity (cgpng,ocr, EF™, G, F), one direction is:

EF"GF %25 *EF" TG + dEF"FE + ecEF"
n+1
G FEn) + @2 (¢t — 1)GF "G + ¢*(1 — ¢ 2)aF"G + dEF"E

+ ecEF™.
When n =1 this gives

EFGF +— —FE?* — ¢ *F3 — FG? 4+ ¢FE + ¢ % F* + aFG
+ (—(]_4(32 + 12 Fu? +0?) — stuv +q % (¢* + 1)2) F
+ (¢4 —1)GFG + ¢*(1 — ¢ 2)aFG + dEFE + ecEF

0_3
—E —E%F — ¢ 2dEG — ¢ ?eaF — dGE — eaE — ¢ *F? — FG? + ¢cEF
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+dcG 4 eac + ¢ 2bF? + ¢*aFG

+ (—(1_4(82 + 12 Fu? +0?) — stuv + ¢ %(¢* + 1)2) F+¢*(¢* —1)GFG
eEIGE, _F2F — ¢ 2dEG — g %eaFE — ¢ 2dEG + ¢ 2d*F — dfb

—eaF —q *F?® — FG? + cEF +dcG + eac + ¢ 2bF? + ¢*aF G

+ (—q_4(82 + 12 Fu? +0?) — stuv + ¢ %(¢® + 1)2) F — ¢*dFG?

— d*EG — decG
= —E2F + cEF — d®EG + daF — ¢ *F® + ¢ %bF? — ¢*FG? + ¢*aFG

+ ¢ 2d*F — ¢?dcG — dfb + eac

+ (—q_‘l(s2 +t2 Fu? +0?) — stuv + ¢ %(¢* + 1)2) F.

This equals the other direction when n = 1:

EFGF 2259 _F2?F — ¢ 4F3 — G?F + ¢EF + ¢ ?bF? + aGF
+ (=g + 2+ u? +0?) — stuv + ¢ %(¢* +1)°) F
7GEo0Gr —E?F — ¢ *F? — *FG? — ¢*dEG — ¢%ecG — ¢ 2dEG
+ ¢ 2d*F — dfb — ecG 4 cEF + ¢ %bF? + ¢aFG + daFE + eac
+ (=g + 2+ u? +0?) — stuv + ¢ %(¢* + 1)?) F
= —F?F 4+ ¢EF —d’EG + daE — ¢ *F3 + ¢ ?bF? — ¢*FG*? + ¢°aFG
+q2d*F — (1 + ¢*)ecG — dfb + eac
+ (=g (% + 2+ u? +0?) — stuv + ¢ %(¢* + 1)?) F.

And in the general case:

EF"GF 2% ¢ 2Ff(n — 1)F + (¢"* = 1)GF" 'GF + (1 — ¢ %)aF""'GF
 FEF"G 4 ¢ 2dFEF" 'E + q ?ecFEF" ' + (¢* = 1)GF"'GF
+ (1 — ¢ 3)aF™ 'GF by the induction assumption

I6r°7is, PEERG 4 dEFTE + ¢ *PGF"E + ¢~ 2deaF"\E
+ ecEF™ + ¢ 2decGF" ! 4+ ¢ 2¢%acF" ' + ¢*(¢"* — 1)GF"G
+ (¢ * = 1)dGF" 'E 4 (¢* = 1)ecGF" ' + ¢*(1 — ¢~ H)aF"G
+ (1 —=q¢ HdaF" 'E+ (1 —q ?)eacF" !

= FEF"G + dEF"E + ecEF" — dGF"G + ¢*(1 — ¢ 2)aF"G

EENG, B f(n) + dEF"E + ecEF" — dGF"G + ¢*(1 — ¢~ 2)aF"G.

Hence, all ambiguities in the reduction system are resolvable. It remains to show that
the reduction algorithm eventually terminates. We proceed by induction on the degree of the
expression. As no rules apply to expressions of degree one, the reduction algorithm trivially
terminates. Consider an expression T' € C(FE, F, G) of degree n; it is a finite linear combination
of words in (E, F, G) and can be reduced in a finite number of steps using the reduction rules
orE, oar and ogr to a finite linear combination of words of the form E~ FP:GY for some

g, Bi,vi € Ng such that a; + 8; + v < n: if each of these monomials is reducible in a finite
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number of reductions so is 7. Either 8; = 0 and the monomial E® F# G is reduced, or
the only reduction we can apply is ogps; ¢ Which reduces the degree, so the result follows by
induction. As every expression can be reduced fully in a finite number of reductions and all

ambiguities are resolvable, the Diamond Lemma applies giving the result. O

To conclude, a basis of Z over C[s, t,u,v] is {E”FmGl | normorl=20 }, so a basis of
over C is {E”FmGlsatbucvd | normorl=0;a,b,c,dn,m,l €Ny } We now proceed to the

proof of our theorem.

Proof of Theorem[3.5.9 To check that ® is a morphism of algebras one must check that the
images of relations are satisfied in O;@?’, which is a long but straightforward calculation,
which we omit. As all quantum traces lie in @4, ,, the codomain of ® can be restricted to define
®’ . So to show @’ is an isomorphism of algebras it remains to show ®’ is a bijection which will
be done by first proving ® is injective and then proving that ®’ is surjective.

The proof of injectivity of ® uses a filtration on the codomain O(‘?S.

Definition 3.5.4. We define a filtration on the algebra (9293 =U

of the generators as follows:

ien, Fi by defining the degree

e Degree 0: a?, a3, c3, and c3;
e De 1: al. ¢l
gree 1: aj, c1;
e Degree 2: al,c?, bl, bl, b2, and b3.

Definition 3.5.5. Let G(O9?) = D,.cn, Gn denote the associated graded algebra of 0 =
UieNo £i-

Lemma 3.5.6. The set
{@(ESF”GmsatBuvv‘s) ’ eormorn=0;a 8,7 dnm,e€ Ny }

is linearly independent in (’)?3, so the homomorphism ® :  — (’),‘JX’?’ is injective.
Proof. Suppose the contrary that the set { P (EEF"Gmso‘tﬁs“ft‘s) ’ eormorn=_0¢m,n,a,B,v,0 € Ny }
is linearly dependent then for some finite indexing set I there exists scalars ¢; which are not all

zero such that

D G@(ECFGM st ui’) = 0 € OFF, (3.18)
el
Map this to G(OF?):
> a®(ECFMGM s %) = 0 € GOFP). (3.19)
i€l

As s,t,u and v are central in %, (3.19)) can be rearranged to give

D ei®(sM Bt Fra G = 0. (3.20)
el

As Q(Ol‘??’) is graded, we can assume that all the terms in expression 1) are in the maximal
degree; we also know that

®(X) = Try(AB) = a3b? € Gu,
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®(F) = Try(AC) = aic} € Ga,
®(G) = Try(BC) = by € G,

®(s) = Try(A) = a1 € G,

O(t) = Trg(B) = by + 47 'b3 € Ga,

®(u) = Try(C) = ¢f € Gy,

®(v) = Tr,(ABC) = asbics € G,

so expression ([3.20]) implies that:
Z ci(a})® (agb?)“ (agb3e})™ (b + b3)” (a5e})™ (c1)7 (bpc?)™ =0, (3.21)

i€l,S(i)=N

where S(i) := a; +v; +4(€¢; + n; +m; + 5;) + 69; and N € Ny. The crossing relations (Corollary
32.3):

blad = albl € Gy, blai =q2alb? €3y,
blal = albl € Gy, b3bl =bib3 € Gy,
cibd = blc €G3, cibd =03k € Ga,
Aal =q2aic? €Gy, Al =bie € Gy,
by =q *bycf € Gy, cfby =03t € Gy,
b3bi = bib3 € Gy, b3l =q*bib3 € Gy,
el =cle? € Gs,

can be used to reorder the term in expression ([3.21)) to give

> Zc g Ao (ab) ™ (ad) P (B3)% (b1 (B3) %R0 (BE) ™ (el) e (e3) Pt — 0, (3.22)
i€el, k=0
S(i)=N

for some constants A; ; € Z.

Using the basis for Ay, , given in Lemma [3.2.10} the expression ({3.22) is linear combination
of distinct monomials which are in the basis of G(O®3), so all the coefficients must be zero.

This is a contradiction as we assumed that not all the ¢; were zero. O

In order to prove surjectivity of @' we shall give £ a filtration.

Definition 3.5.7. We define a filtration on the algebra £ by defining the degree of the gener-

ators as follows:
e Degree 1: s,t,u;
e Degree 2: B, F,G;
e Degree 3: v.

Lemma 3.5.8. The algebras % and s, , have the same Hilbert series when % is given the
filtration defined directly above and <fs, , the filtration by degree.

2

Proof. The Hilbert series of 4%, , was computed in Section [3.4] to be (1—1;)5%15)2 As
{E"FmGls“tbucvd ’ normorl=0; ab,cdnm,leNy }

93



is a basis of ¥(%), there is a grading preserving vector space isomorphism

Y () — (E,F,G)®C[s] ® C[t] ® Clu] ® C[v] :
E*F*'GestulvI i (BF°GY) @ s @ t° @ ul @09

where (E, F, G) is the subalgebra of & generated by E, F, G; hence,

he (t) = hig,ra)(t) - heps (t) - hep (t) - he () - hep) (2)-

If x = s,t,u the algebra Clz] is the polynomial algebra graded by degree, so (C[z])[n] has basis
{2"}, and

oo o0

he (1) = 3 (dim (Cla) [a)" = > 47 = ==

n=0 n=0
The algebra C[v] is the polynomial algebra graded by 3 times the degree, so (Clz])[n] has basis
{x% } if n =0 mod 3 and () otherwise, and

heg(8) = 3 (dim (Clal) )" = Y0 ¢ =
n=0 n=0

The algebra (E, F, G)[k] has basis
{E‘IFZ’GC | a+b+c=n;a orborcis()}

if k = 2n is even and is @) otherwise. Assume k is even so k = 2n. If n = 0 then the basis has
one element {0 }. If n # 0 then the basis is

{EanGC|a+b+c:n;a0rborciSO}

={E“F’G°|a+b+c=n; oneofa,b,cis0}
I_I{E“Fch|a+b+c:n; twoofa,b,ciSO}

={EF’|a+b=n;a,b#0} U{F°G°|b+c=n;bc#0}
U{PE'G°|a+c=mn;a,c£0}U{E", F",G"}

which has 3n elements. Hence, the Hilbert series of (E, F, G) is

o) ' oo ) 39
s p(t) = 3 (dim (B, F, G) )" = 14 D2 8ni% =1 4 ™.
n=0 n=1
Thus
hetsy , (t) = h(e,F,c)(8) - hegs)(E) - hep (8) - hepw) (8) - hep) (1)
3t 1
-7 ) —0pa—)

o 1—t+t?

(L=t + 1)
which means that % and @%, , have the same Hilbert series. O

The homomorphism @' is filtered if we give £ the filtration defined in Definition and
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a5, , the filtration by degree. It is injective and the Hilbert series of % and @&, , are equal,

so @' is an isomorphism. O

3.5.2 The Punctured Torus

We now obtain a presentation of the algebra of invariants for our second surface, the punctured
torus. This is simpler than the four—punctured torus case, and the proofs follow in a similar

manner.

Definition 3.5.9. Let 7 be the algebra with generators X,Y, Z and relations:

YX ¢ ' XY =(q—q ")Z;
XZ—-q'ZX=—-q?q—q ")Y;
ZY —q'YZ =—q(q— ¢ X

It has a central element
L:=¢XZY +@Y? - ¢*Z%> + 3X? — (¢ — ¢ V).
Proposition 3.5.10. The monomials
{XYPZ" | a,B,7 €Ny }
are a PBW basis for the algebra 7 .

Proof. We use the reduced degree with the generators ordered by X <Y < Z as our ordering.

From the relations of .7 we obtain the term rewriting system

oyx :YX ¢ 'XY +(qg—q 1)Z;
ozx  ZX = qXZ+q (q—q )Y;
ozy 1 ZY —q Y Z - ¢ 3 (g - ¢ HX.
this term rewriting system is compatible with the ordering, and its only ambiguity (ozy, oy x, Z, X,Y)

is resolvable, so by the Diamond Lemma the reduced monomials {XO‘Y'BZ'Y | a, B,y € NO}
form a PBW basis for the algebra. O

Organise the generators of Ay, , into matrices as follows:

A= a% a% B = b% b% .
ai a3)’ bi b3

Theorem 3.5.11. Define the map ¥ : T — (’);@2 by

X = Try(A),
Y o Try(B),
Z — Try(AB).

The restricted map V' : T — ofs, | is an algebra isomorphism.
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Proof. To check that ¥ is a morphism of algebras one must check that the images of the three
relations are satisfied in (9892, which is a long but straightforward calculation. As all quantum
traces lie in o7, |, the codomain of ¥ can be restricted to define ¥’ . So to show ¥’ is an
isomorphism of algebras it remains to show ¥’ is a bijection which will be done by proving ¥

is injective and W’ is surjective.

Lemma 3.5.12. The set
{v(XY?27) | e, B,y €N }
in linearly independent in O%2, so the homomorphism U : T — (9?2 is injective.

q

Proof. In this proof we use the filtration in defined in Definition restricted to OP2. Suppose
the contrary to that the set

{w(X*Y?27) [, 8,7 € No }

is linearly dependent then for some finite indexing set I there exists scalars ¢; which are not all

zero such that

> (XY Pizr) =0€e 02 (3.23)
el
Map this to G(OF?):
> aU(X*Y Pz =0 e 9(057). (3.24)
i€l

As G(OF?) is graded, we can assume that all the terms in expression (3.24)) are in the maximal

degree; we also know that

®(X) = Try(A) = a} € g,
(Y) = Try(B) = by +q'b3 € Go,
®(Z) = Try(AB) = a3b? € G4,
so expression (3.24) implies that:
S i) vl g @k =0, (3.25)

i€l,S(i)=N
where S(i) := a; + 4(B; + ;) and N € Ny. The crossing relations

bial = albl € Gy, blal =q2alb? €q,,
bjay =ajb3 € Gs, b3b; = bib} € G,
biby = q*byb3 € G,

can be used to reorder the term in expression ([3.25)) to give
Bi
Do D et (a]) (@) (] b)) (63) T = (3.26)

i€l, k=0
S(i)=N

for some constants A; ;, € Z.
Using the basis for Ay, , given in Proposition the expression (3.26|) is linear combi-
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nation of distinct monomials which are in the basis of G(O%?), so all the coefficients must be

zero. This is a contradiction as we assumed that not all the ¢; were zero. ]

In order to prove surjectivity of ¥’ we shall give .7 a filtration.

Definition 3.5.13. We define a filtration on the algebra 7 by defining the degree of the

generators as follows:
e Degree 1: X|Y;
e Degree 2: Z.

Lemma 3.5.14. The associated graded algebra 9(7) has a PBW basis
{XYPZ7 | a,B,7 €Ny }.

Proof. The associated graded algebra () is the algebra with generators X,Y, Z subject to
the relations:

YX=¢'XY+(q—qg "2, XZ=q'ZX; ZY =q'YZ;
We can apply the Diamond Lemma with the above relations as the term rewriting system. [

Lemma 3.5.15. The algebras 7 and o, | have the same Hilbert series when 7 is given the
filtration in Definition and /s, , the filtration by degree.

Proof. The Hilbert series of &%, , was computed in Section to be m We note
from Lemma B.5.14] that
{X°YPZ7 | a,B,7 €Ny }.

is a basis of 4(.7), so there is a grading preserving vector space isomorphism

9(7) - ClX]®C[Y]®C[X] :
XYPZV — XYl @ 27,

hence,
ha(t) = heix)(t) - hepy(t) - hejz)(2).-

If z = X,Y the algebra C[z] is the polynomial algebra graded by degree, so (C[z])[n] has basis
{2"}, and

et (1) = 3 (dim (Cla) )i = S_ 17 =

The algebra C[Z] is the polynomial algebra graded by two times the degree, so (C[Z])[n] has
basis { Z% } if n =0 mod 2 and () otherwise, and

1
1—t2

hep (1) = > (dim (C(2) [t = " 2" =
n=0

n=0
Thus

ha(t) = heix)(t) - hep(t) - hepz)(t)
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1
(1—-1)2(1—#2)

which means that .7 and 2%, ; have the same Hilbert series. O

The homomorphism ¥’ is filtered if we give .7 the filtration in Lemma [3.5.14|and @4, , the
filtration by degree. It is injective and the Hilbert series of .7 and %, | are equal, so ¥’ is an

isomorphism. O

3.6 Isomorphisms with Skein Algebras, Spherical Double
Affine Hecke Algebras and Cyclic Deformations

In this section we use the presentation of the algebras of invariants .24 4 and 7 ; of the four—
punctured sphere 3¢ 4 and punctured torus X ; over U, (slz) obtained in the previous section.
We state isomorphisms between %% 4 and two isomorphic algebras: S%,L , the spherical double
affine Hecke algebra of type CVC1, and Sk(Xg 4), the Kauffman bracket skein algebra of the
four-punctured sphere. We also state isomorphisms between 27 ; and two isomorphic algebras:
Uq(suz), a cyclic deformation of U(susy), and Sk(X; 1), the Kauffman bracket skein algebra of
the punctured torus.

The Kauffman Bracket Skein Algebra

Definition 3.6.1. The Kauffman bracket skein module Sk,(M) of an oriented 3—manifold M
(possibly with boundary) is the vector space of formal linear sums of isotopy classes of framed
links without contractible components in M (but including the empty link) on which we impose

the Kauffman bracket skein relations:
/\— q .“>....-<':+q | o~
O =—¢ —q>

Definition 3.6.2. The Kauffman bracket skein algebra Sk(X) of the surface ¥ is the Kauffman
bracket skein module Sk(X x [0, 1]). Tt is an algebra with multiplication given by stacking copies
of ¥ x [0,1] on top of each other and retracting,.

Theorem 3.6.3. [BS1S, [BPO0] Let p; denote the loops around the four punctures of ¥4 and
let x; denote the loops around punctures 1 and 2, 2 and 3, 1 and 3 respectively (see Figure .
The Kauffman bracket skein algebra Sk(X¢.4) has a presentation where the generators are x;

and p;, and the relations are
(@i, 1] = (¢* — ¢ Hwiyo — (¢* — ¢ ?)pi (indices taken modulo 3);
Qi = (¢® +q7%)* = (p1p2pspa + P} + p5 + 13 + p3);
where [a,b], := qab — g~ ba is the quantum Lie bracket and

—4,.2

Q= —¢z13073 + ¢*25 + ¢ 23 + ¢*23 + ¢*pra1 + ¢ *paza + ¢°pazs.
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Figure 3.5: The loops z1, 22 and x3

Theorem 3.6.4 [BP00|. The Kauffman bracket Skein algebra Sk(X1,1) has a presentation with

generators r1,To,x3 and relations
[zi, Tiv1]q = (¢ — ¢ %)wip2 (indices taken modulo 3).

The Spherical Double Affine Hecke Algebras S77,; and SH, ., and the Cyclic De-

formation of U(sus)

Double Affine Hecke Algebras (DAHASs) were introduced by Cherednik [Che92], who used them
to prove Macdonald’s constant term conjecture for Macdonald polynomials, but have since
found wider ranging applications particularly in representation theory [Che04l [Chel3]. DAHASs
can be associated to different root systems with Cherednik’s original DAHA being associated

to the A! root system.
Definition 3.6.5. The A' double affine Hecke algebra H,, is the algebra with generators X+
Y*! and T, and relations
TXT=X"1' TY 'T=Y, XY=¢YXT? (T—-t)(T+t')=0.
The element e = (T +t~1)/(t + t~') is an idempotent of H, ., and is used to define the
spherical subalgebra SH, ; := eHg se.

Theorem 3.6.6 [Terl3, [Samld4]. The spherical double affine Hecke algebra SHgy: has a pre-

sentation with generators x,y,z and relations

[2.9]g = (@® — a7z, [zalo= (" —a )y, [y2lo=(—q )
2 2
t 1
@2 + 47+ q°2" - quyz = ( N q) i (q ’ )
q t q
where [a,b], := qab — ¢~ ba is the quantum Lie bracket.
The double affine Hecke algebra 7, { of type C V(Y is a 5—parameter deformation of the affine
Weyl group C[X T, Y *] x Zy with deformation parameters ¢ € C* and t = (1, o, t3,14) € (C*)%.

It can be given an abstract presentation with generators are T, T1, T, T} and relations:

(To —t1)(Ty +t74) =0,
(T — t2)(Ty +t51) = 0,
(Ty — t3)(Ty +t31) =0,
(T = ta)(TY +t5") =0,
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It generalises Cherednik’s double affine Hecke algebras of rank 1 as H,p := 9 (1,1,4-1,1)- The
element e = (T +t3')/(t3 +t3') is an idempotent of A, +, and is used to define the spherical
subalgebra 57,  := e, e.

Theorem 3.6.7. [Terl3, [BS18] The spherical double affine Hecke algebra S'%Z,lf has a presen-

tation with generators x,y,z and relations

[2,ylg = (*— ¢ )z —(a—q ")y

.2lg=("—q )z —(g—q "o

[z,2)g=(*—q *)y—(g—q B
2

—2 | 2 =2 2 _
Q=11 +1y +qls +1ta —tita(qts)ta + (¢ + ¢ 1)>
where

a = tily + qlsly,
B := tits + qtsls,
7y 1= tats + qtsty,

2

= —qryz + ¢*2° + ¢ *y* + ¢°2° — qax — ¢ ' By — qvz,

[a,b], := qab — q~ba is the quantum Lie bracket.

Proposition 3.6.8 [BS18|. There is an isomorphism & : Sk(¥04) — S+ given by

Bz1) =z, B(p1) = ity,

Blxz) =y, B(p2) = ita,

Bxs) =z,  PBlps) =iqts,
Bla) = ¢* B(pa) = ila

Definition 3.6.9 [BP00, [Zac90]. The cyclic deformation of U(sus) is given by

Uq(suz) :== Cly1, v2. ¥3|[¥s, Vit1lq = vit2)-

where indices are taken modulo 3.

Proposition 3.6.10 [BP00]. When (¢?> — q=2) is non—invertible there is an isomorphism

v:Sk(X11) — Uy(su) : 2 = (¢* — ¢ Hyi.

Note that the element ¢?z3 + ¢~ 223 + ¢*x3 — gqz17273 is central in Uq(su2) and setting it

2 2
equal to (5 — %) + (q + %) recovers the spherical DAHA SH, ;.
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Relation to Algebra of Invariants

Proposition 3.6.11. There is an isomorphism o : SH — s, , defined by

Proof. By rewriting the relations in the presentation of %, given in Definition [3.5.1] in terms
of the quantum Lie bracket [-,-];, we see that the algebra of invariants <% has generators

E,F G, u,v,s,t and relations:

[E,F], = —q N =G+ (g — ¢ M) (sv + tu)
[F.Glg=—q¢ (¢ —q¢ HE+ (¢ —q ") (st +uv)
(G, Ely=—q (" - ‘2)F+(q q ") (su+tv)

Q=22+ —¢*t2 — ¢%u® — ¢*0? — @*stuv + ¢ 2P +1)2
where

Q=¢*EFG — ¢*(st + w)E — ¢*(su+ tv)F — ¢*(sv + tu)G
+q4E2 +F2 +q4G2.

Also note that

a(Q) = a(—qryz + ¢*2* + ¢ *y* + ¢*2% — qax — ¢ ' By — qvz)

= ¢*EFG + ¢*E? + F? + ¢*G? — ¢*(st + w)E — ¢*(su + tv)F — ¢*(sv + tu)G
=Q.

The map « is clearly bijective, so it remains to show it is a algebra homomorphism:

a(le,yly — (@~ a2+ (a—a "))
=B, Flg+ (¢ — ¢ )G — (¢ — ¢ )P (sv + tu)
=¢ ([E,Flg+(® — ¢ *)G = (g —q ") (sv + tu))
=0
and similarly for the next two relations. For the final relation:
T+ +qls + 10— Tilaglsts + (¢ + ¢ 1)) — Q)
2,2

= —¢*s? — *t* — ¢*v* — PP — grstw + (¢ +¢71)?) — Q
—0.

Corollary 3.6.12. There is an isomorphism 3 : Skq(¥04) — 5, , defined by
Blx1) = —qE, PB(p1) = —gs,
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Proof. Immediate from Proposition [3.6.8 O

Proposition 3.6.13. There is an isomorphism v : @/, | — Sk(¥1,1) defined by

1q) = ¢,

Y(X) = iq 2xs,
YY) =ig %1,
1Z) = —q 3.

Hence, 7 1 is isomorphic to Uy (sus).

3.7 Isomorphism with a Quantisation of the Moduli Space

of Flat Connections

In their paper ‘Supersymmetric gauge theories, quantization of Mgy, and conformal field the-
ory’, Teschner and Vartanov propose a quantisation for the SLy—character varieties of sur-
faces. They state generators and relations for the quantisation of Chgy,, (Xo,4) and Chgr, (X1,1)
with the quantisation for other surfaces given by decomposing the surface into such sur-
faces. In this section we shall briefly outline this decomposition before stating isomorphisms
Chgr,(c)(X0,4) = 4 and Chgr,c)(X1,1) = 1 to the quantisation of the SLo-character

varieties given by algebras of invariants.
Definition 3.7.1. The Poisson algebra of algebraic functions on Chg(X) is denoted A(X).

Definition 3.7.2. We can associate to the Riemann surface ¥ a pants decomposition o =
(Cy,T5) where:

1. The cut system Cp, = {7¥1,...,7n } is a set of homotopy classes of simple closed curves on
Y. such that cutting along these curves produces a pants decomposition
Y\Co >~ U, X 5 Uy X 4
where the Xf 3 are the ‘pairs of pants’ and the ¥ ; are discs which are used to fill any
unwanted punctures;

2. The Moore—Seilberg graph T, is a 3—valent graph specifying branch cuts, and is needed
to distinguish when a Dehn twist has been applied to X.

We shall now describe a presentation for A(X) which is dependent to a choice of pants
decomposition. By Dehn’s theorem, a curve v can be classified uniquely up to homotopy by

the Dehn parameters
{(pigi)|i=1...n}

where p; and g; are respectively the intersection number and the twisting number between
and ~; € C,.
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Each curve e € I'; which does not end in the boundary of 3 lies in a subspace %, which is
homotopic to either 3¢ ; or 3; ;: if e is a loop then ¥, ~ ¥, 1, and if it is not then ¥, ~ 3¢ 4.

To e we assign the curves:

1. 4§ := 7, is the unique curve 7. € C, which lies in the interior of 3.; it is the curve in cut

system for 3 which also defines a cut system for X.;

2. v¢ has Dehn parameters { (p¢,0) |i=1,...,n};

3. 7. has Dehn parameters { (p§,d;.) |[i=1,...,n}

2(52"6 if Ee ~ 20’4
51‘75 if Ze >~ 21,1.

where p§ :=

Definition 3.7.3. Let v be a closed curve on X then its geodesic length function is L. :=

vy Try(p(7y)) where v is a sign and p : m1(X) — SLy is the uniformisation representation.

Remark 3.7.4. The geodesic length functions depend only on the homotopy class of the curve,
and the satisfy the ‘Skein’ relation

LS("/h’Yz) = L’Yl L’Yz

where S(v1,72) is a curve with a crossing point and -1, y2 are the curves which result from the

symmetric smoothing operation:
Proposition 3.7.5. [VT13] The generators of A(X) are
{LE, LY, L | e €T is an interior edge }
where Ly, = |Lye|. There is a single relation Pe(Lg, L§, Ly,) on A(X) for each internal edge e:

PL(LS, 1, 1) = ~ LS LG LG + (192 + (L)% + (L5
+ LS(LsLy + L1Lo) + L§(LoLs + L1Ly) + L (L1 Ly + LoLy)
—4+ L% + Lg + L% + Li + LyLoL3Ly when ¥, >~ g 4, and
Pe(Lg, Li, Ly) = —LLELG + (L) + (L§)? + (Lg)® + Lo — 2 when X =~ 14,

where L1, Ly, Ly, Ly are loops around the four punctures of ¥o 4, and Lg is a loop around the

single puncture of ¥11. The Poisson bracket on A(X) is given by

{L’YUL"Q } = LA(’Y17'72)?

where A is the antisymmetric smoothing operation:
X)) (-0
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Moore-Seilberg Graph YS the curve in the cut system

Y
1
s 1

Ly |

loops around )t i

each puncture

) Yll the curve with Dehn
i[ . L, parameter (2,1)

single edge which does Yt the curve with Dehn parameter (2,0)

not end in puncture

Figure 3.6: Applied to the four—punctured sphere.

As A(X) is given by local data on copies of ¥ 4 and 31 1, Teschner and Vartanov state the

deformation for these basic surfaces.

Proposition 3.7.6 [VT13]. The deformation Ay(X0.4) of 7 (Xo,4) is generated by L, Ly, Ly, L1, Lo, L3, Ly

with relations

Qe(LSa Ly, Lu) = emszSLt - €7Wib2LtLS
— (2 72 L, (" — e Y (Ly Ly + LaLy)
Pe(Ly, Li, L) = =€ LyLi Ly + 2™ L2 4 2™V [2 4 7270 [
1 emit? (L1Ls + LoL4) Ly + e’ (L3Ly+ LoLy)Ls
+ e mib? (LiLy+ LoL3)Ls + L? + L% + L§ + Li +LiL3LoLy
— (2 cos(mb?))?

where the quadratic relations Q. arise from deforming the Poisson bracket.

Proposition 3.7.7 [VT13]. The deformation Ap(X1,1) of @/ (X1,1) is generated by Ly, Ly, Ly, Lo

with relations
Qu(Ly, Lty L) = €% LyLy — ™ ¥ LiLy — (e — ™)L,
Po(Lg, Ly, Ly) = €™V L2 4 e ™ [2 4 ™V [2 _ % [ L,L, + Lo — 2 cos(nb?)
Using the presentation for the algebras of invariants <%, , and &%, , from Section we
see that we have the following isomorphisms:

Proposition 3.7.8. The algebra of invariants o5, , is isomorphic to Ay(2o,4) with isomor-
phism v : s, , — Ap(o,4) defined by

oq) =™, os)= e Ly,
u(E) —em L o(t) = e~ Ly,
uF) = —imb v(v)= e~ Ly,
UG) = et Ly, uo(u)= e L
Proof. The map r : S5 — Ap(Xo,4) defined by
inh? — .
qg—e’, ty —ilq,
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T+ Ly, to + iLs3,
yHL& %’_}iL27

2= Ly, ty > 1Ly,

maps S, ; to an algebra generated by Ly, Ly, L,, with relations

0= ewibQLuLs _ e—wiszsLu _ (627r1'b2 _ e—27‘rib2)Lt _ (eﬂibz _ e—wibz)(L1L4 + L2L3)
0= e‘n’ib2LsLt _ 677Tib2Lth _ (627rib2 _ 67271’1'172)[/“ _ (eﬂ'ib2 _ efﬂ'ibz)(Lng 4 L2L4)
0= e‘n’ib2LtLu o eimeLuLt o (627rib2 o 6727rib2)Ls o (€Trib2 o eime)(Lng; + L2L1)
0 = _emib? LoLiL, + eQwiszi + 2mib? L+ e—2m‘b2Lt2

mib? wib? —mib?
+e (L1L3 + L2L4)Lu +e (L3L4 + Lng)LS +e (L1L4 + L2L3)Lt
+ L34+ L2+ L3+ L3+ L1LsLoLy — (2cos(nb?))?

which is just the algebra Ay(¥¢,4). Hence the algebra %, , is isomorphic to both S ; and
Ap(X0,4) and isomorphism ¢ : @, , — Ap(3o,4) is given by koo™t O

Proposition 3.7.9. The algebra of invariants ofs, , is isomorphic to Ay(¥1,1) with isomor-
phism p : o5, — Ap(X1,1) defined by

p(Y)=ig 's
p(X) =iqg't
wZ) =—q tu
(L) = Lo
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Chapter 4

Relative Tensor Products, Skein
Categories and Factorisation

Homology

The goal of this chapter is to prove that skein categories satisfy excision, and hence to show
that they are k—linear factorisation homologies whose free cocompletions recover the presentable
factorisation homologies considered in the previous chapter.

We begin by proving that the colimit of the 2—sided bar construction in Caty, is the relative
tensor product of k-linear categories which was defined by Tambara [Tam01] and has a concrete
description. This colimit defines the relative tensor product in k—linear factorisation homology
used in the statement of excision, so to prove excision of skein categories it suffices to prove
excision where the relative tensor product is the relative tensor product of k—linear categories.
Then in Section we define skein categories and prove that skein categories satisfy excision.
Finally in Section we use the results of the previous two sections to conclude that skein
categories are k-linear factorisation homologies and relate them to presentable factorisation

homologies.

4.1 Relative Tensor Products

4.1.1 Relative Tensor Product of k-linear Categories

The definition of the relative tensor product of k—linear categories is a categorical analogue of
the definition of the relative tensor product of modules. The definition of the relative tensor

product of modules can be reformulated as follows:

Definition 4.1.1. Let R be a ring, M be a right R—module, N be a left R—module, and G be

an abelian group.

1. A homomorphism f : M x N — G is R-balanced if it is linear and f(m-r,n) = f(m,r-n)
forallr € RRme M,ne€ N.

2. The abelian group Balg(M, N;G) is the set of all R-balanced homomorphisms M x

N — G with the sum and inverses of balanced homomorphisms defined pointwise, i.e.
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(=f)(m,n) := —f(m,n) and (f+g)(m, n) := f(m,n)+g(m,n) forall f,g € Balr(M, N; G),
mé&e M,n € N.

3. The relative tensor product M ®g N is an abelian group satisfying the universal property
that Homz (M ®g N, G) = Balg(M, N; G) for all abelian groups G.

Instead of being relative to a ring A, a relative tensor product .# ® .4 of k—linear categories
is relative to a monoidal k-linear category 7. Instead of being A-modules, .# and .4 must

be @/—module categories.

Definition 4.1.2. Let & be a monoidal k-linear category. A left o/ —module category is a
k-linear category .# equipped with a k—bilinear functor

>:A QM — M (a,m) = al>m,
a natural isomorphism
B:->(>_) = (-®-) > _ with components B4 p.m :a> (b>m) = (a®b) >m
called the associator, and a natural isomorphism
n:1lg > _— _ with components 7, : 1oy >m —m

called the wunitor which make the following diagrams commute for all a,b,¢c € & and m € .#

at> (b (c>m))

Ba,b,\V Nbﬁb,c,m
Ba,1y,m
a>(ly>m) =% (4@ 1,)>m
(a®b) > (c>m) a> ((b®c)>m)
Ida D>Nm pal>m

Baob,c,m Ba,b@c,m ab>m

Qg b, >1Idm
e R

((a®@b)®@c)>m (a®(b®c)>m

The definition for a right «/—module category is analogous.

Tambara in [TamOI] defines the relative tensor product .# K¢ # of the right ¥—module
category . and the left ¥—module category .4 relative to the monoidal category 7.

Definition 4.1.3. A bilinear functor F' : 4 x N — € is o —balanced if there is a natural

isomorphism which on components is

tm,an : F(m<a,n) = F(m,at>n)
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satisfying the commutative diagram

((m<a)<b,n)

Lqu/ %a’b,ldn)

(m<a,br>n) (m < (ax*b),n)

lm,a,b>n lm axb,n

(Idmvﬁa,b,n)
—

(m,a> (b>n)) (m, (axb)>n)

foralme 4, a,b € o andn € AN

Definition 4.1.4. The natural transformation « : ' = G of &/—balanced functors F,G :
MR N — C is a o —balanced natural transformation if it is compatible with the balancings,
i.e the following diagram commutes

(tF)m,a,n

Fim<a,n) —= F(m,a>n)

La(m,qa,n) Laﬁn,abn)

G(m <a,n) (emag G(m,a>n)
Definition 4.1.5. We denote the category of «/—balanced functions .#Z x A4 — € with &/~

balanced natural transformations are morphisms by Fung . (.4, 4 F).

Definition 4.1.6 [Tam01]. Let € be a k-linear monoidal category, let .# be a right ¥—module
k—linear category, and let .4 be a left ¥—module k-linear category. The relative tensor product
of A4 and A relative to &7 is a k-linear category .# W, A together with a o/—balanced
functor P : .# x A — € such that for all k-linear categories € there is an equivalence of

categories
Fung v (A, N ;€) ~ Caty( M Ry N, C)

given by composing functors in with P.
Tambara then shows the existence of such a relative tensor product by constructing it.

Definition 4.1.7 [Tam0I]. Let o/ be a k-linear monoidal category, let .# be a k-linear
right o/—module category, and let .4 be a k-linear left &/—module category. The relative
tensor product M Wgy A is the k-linear category with the following generators and relations.
The objects of # Ko A are tuples (m,n) where m € .# and n € 4. The morphisms of
M Ry N are generated by morphisms (f,g), where f : m — m’ is a morphism in .# and
g : g — ¢ is a morphism in .4/, and by morphisms ty, ¢ : (M < a,n) — (Mm,a > n) and
miam © (mya>n) = (m <a,n), where m € .4, a € o/ and n € 4. The morphisms satisfy

the following relations:
Linearity (f+f',9) = (f.9)+(f",9), (f,9+9") = (f,9)+(f.¢') and a(f,g) = (af,9) = (f,ag);
Functionality (f/fa g/g) = (f/a g/) © (f7 g) and (IdTTH Idn) = Id(m,n)v

. -1 _ -1 _ .
Isomorphism t.4,n 9ty 0.n = Id(masn) and 7, 5 0 nian = Id(maa,n);
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Naturality lm/ a’ n’ © (f < U,g) = (fv u > g) O lm,a,n

Pentagon and Triangle
((m<a)<b,n)

lma,b,n (ﬁm,a,b;ldn)
Lm,1d gm0
(m<Idy,n) —=5 (m,Idy >n)
(m<a,br>n) (a *b),
(e'nuldn)
(Idm ,nn)
tm,a,b>n Lm,axb,n (m’ n)
(myar>( (axb)

(Id ,Babn)

The «7—balanced bilinear functor P : # x AN — # R, A is defined by P(m,n) = (m,n) on
objects and P(f,g) = (f,g) on morphisms.

4.1.2 Bicolimits

All of the 2—categories we consider in this thesis are strict; however, we shall use weak colimits

(bicolimits) rather than strict 2-colimits. These definitions can be found in [Str72} Lei04) B67).

Definition 4.1.8. Let G : ¥ — 2 be 2—functors between 2—categories. A laz natural

transformation o : F — G consists of:
1. for each object z in €, a morphism o, : F(z) = G(x);
2. for each pair of objects (z,y) in €, a natural transformation

Ory (02)" 0 G(2,y) = (ay)s 0 F(2,y)

where (0,)* and (o). are defined by pre and post composing with o:

/F(_f)\{ F(f)
(0). + Fl2) \F(@;/F@) - P Fk 7 Gy)
G(f) G(f)
(0,)": G(w) /}?‘ Gly) = Flz) —=— G(a) @ G(y)

such that,
1. or every object x of €, o1, is the identity natural transformation, and
2. for every pair of morphisms (f,g) € €(y,2) X €(x,y), 0foqg = (05F(g)) o (G(f)oy).

A pseudonatural transformation is a lax natural transformation whose 2-cells are invertible,
so in (2, 1)—categories pseudonatural transformations and lax natural transformations are the

same.

Remark 4.1.9. Lax and pseudonatural transformation are usually defined to be between pseud-

ofunctors (functors between bicategories whose compatiblity morphisms are invertible). In this
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case the conditions o must satisfy are more complex as there are associators and unitors to take

into consideration.

Definition 4.1.10. Given two lax—natural transformations
F

SN N
&€ C@)n 9
N YA

G
a modification I' : ( — n assigns to each object x € € a 2—morphism

¢(z)
R
F(z) ﬂm) G(x)
n(z)
in 2 such that for all morphisms f : x — y in % the following diagram commutes

G(f)T
—_—

G(f)o((x) G(f) on(x)
¢ [n(f)

C(y) o F(F) "D ny) o F ()

Remark 4.1.11. The definition of a modification between 2-natural transformations is identical
to the definition for lax natural transformations, so one can extend 2Cat, the 2—category of

2—categories, to a (strict) 3—category by taking modifications as 3—morphisms.

Definition 4.1.12. Let % be a (2, 1)—category and let 2 be a small (2, 1)-category. A diagram
X of shape Z in € is a lax functor X : ¥ — ¥.

Remark 4.1.13. We shall assume that X : 2 — % is always a strict 2-functor.

Definition 4.1.14. Let Diag, (%) denote the (2, 1)-category of diagrams of shape J in %
1. The objects are diagrams of shape J in ¢;
2. The 1-morphisms are pseudonatural transformations;
3. The 2—-morphisms are modifications.

Definition 4.1.15. Let = be an object of € and let 2 denote the (2,1)-category with an
single object x, a single 1-morphism 1, and a single 2-morphism which is the trivial 2—cell
1:1, — 1,. The trace functor on c is the 2-functor Try(z) : € — 2 which sends all objects

in € to y, all 1-morphisms to 1., and all 2-morphisms to 1.

Definition 4.1.16. Let % be a (2, 1)—category. Denote by Tr, : ¥ — Diag, (%) the 2—functor
which sends an object € € to the trace functor Try(z), a 1-morphism f : £ — y to the
trivial pseudonatural transformation I' : Try(z) — Tre(y), and a 2-morphism to the trivial

modification o : I' — T".

Definition 4.1.17. Let ¥ be a 2—category and let X be a diagram of shape J in €. The 2—
colimit of X is an object Bicolim(X) in € together with a pseudonatural equivalence between
Home (Bicolim(X),_) : € — € and Diag,(%)(X,Tr,(-)) : € — .
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Definition 4.1.18. If ¥ is a (2, 1)—category then a 2—colimit of F': X — % is called a (2,1)-

colimit.

4.1.3 Colimits of the Truncated Bar Construction

In the next section we give relative tensor product of k-linear categories as the bicolimit in
Caty, of the truncated bar construction. Before doing this we briefly expand the definition of a

bicolimit of the shape of the truncated bar construction.

Definition 4.1.19. Let & be the 2—category

g _
7T;>7 f1 -
A——B—=C

. fa

with 2—cells
Fi:fo001 = f100s, Ra:f100; = [100Gs, Fa:fa003— fo00;

and let X : 2 — € be a (strict) 2-functor to a 2-category . The image of an object,

1-morphisms or 2-morphisms under X is denoted without a bar, so

g _
s R — h 7
X ATB;;O :ATB:§C and X (%;) = k.
_78 s LR f2

Recall from Section that the colimit of X is an object Bicolim(X) in € together with
a pseudonatural equivalence I' : Home (Bicolim(X), ) — Diagg(€)(X, Try(-)). This means
that for all Y € € there is an equivalence of categories

I'y : Home (Bicolim(X),Y) — Diag, (%) (X, Tr,(Y)),

so in order to understand Bicolim(X) we shall first look at Diag,,(%)(X, Tr,(Y)).

Proposition 4.1.20. The category Diagg,(€)(X, Try(Y')) has objects of the form

oa:A—=Y
ocp:B—=Y

o= oc:C—=Y
o5, 0B —=0cof;

i

Og,

;,10A —>0BOgj

where 1 = 1,2 and j = 1,2, 3, which satisfy the relations:

-1
ock1 = A13ALT,

-1
Ock2 = A12A11 )

—1
OCcR3 = A22A23
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where Ay = (0y,95)04,. The morphisms of Diagg,(¢)(X, Try(Y)) are natural isomorphisms

C

oc nc
(£

Y,

)

satisfying the relations

77;11 (Ffl)gfl = 77;21 (Ff2)0f2
(A7) T fig)AG = (AL) TN T frg) AT,

where i,k =1,2 and 5,1 = 1,2, 3.

Proof. This proof amounts to unravelling the definitions. An object of Diag,, (%) (X, Try(Y))
is a pseudonatural transformation o : X — Tr,(Y). By the definition of a pseudonatural

transformation we have

1. for every X € 2, that is X = A, B,C, 1-morphisms o : S(X) —
Tr(Y)(X): we shall usually denote these morphisms simply as ox as they are morphisms
ox: X =Y for X=AB,C;

2. for every pair of objects (W, X) in 2, a natural transformation

owx: (ow) o Trg(Y)(W,X) = (o). 0 S(W, X).
This means that for every 1-morphism h:W — X in 2, that is h = 1, Jo, §3,f1,f27 ﬁo
95> lw, there is a 2-morphism

op i ow — ox o h.

As we are working with (2, 1)-categories, 0, is automatically a 2-isomorphism. As oy %
is natural, we have for every 2-morphism & : h — [, that is & = R, Ra, k3, Id, that the
following diagram commutes

ow

2

Oy OK
oxoh X5 ox ol

This result is trivial for Idy,

l=fiog; and h = f 0 g;. As oy, is invertible, we have that

so let & = ®1,Ro or, Rz. In which case, W = 4, X = C,

. -1
0C Ok = 0f09;0 0,

3. for every object X of 2, o1 is the identity natural isomorphism
4. for every composition of morphisms fogin 2, osoq = (07g)(0g)

So we have that o : X — Tr,(y) consists of 1-morphisms ox : X — Y for X = A, B,C;
and 2-morphisms oy, : ow — ox oh for h = f;,9; : W — X such that mpry = A13A2_11,
Tpky = AlgAl_ll and Tpr3 = A22A2_31 where A;; = (0y,95)0y,;

A morphism I' : ¢ — 7 in Diagg, (%) (X, Try(Y)) is a modification between o and 7. The
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modification I' assigns to each object X € 2, that is X = A, B, C, a 2-morphism

ox
nx

such that the following diagram commutes for all A : W — X

I'w
ow > Nw

| |m

oxoh M nx oh
As all 2—cells are invertible, applying this relation to the f;s gives
Tp =n;' (Tcfi)oy,
and then applying this relation to the g;s gives
T4 =1, (Tpgj)oy,

— 0 (07" (Te fi)o1.) g3 ) 7y, substituting T = 17} (Do fi)oy,

=1y, (07 95) e fig;)(01.95) 09, as (7, (Cafioy)g; = (07 9;)Te figi)(or.9;)
= (A7) (T figi) A

from which we conclude that it is sufficient to define I'c and that the relation for g; is auto-

matically satisfied if it is for the compositions f; o g;. O

Remark 4.1.21. The morphisms o4,0p and o¢ fit into the diagram

91

A2 p-Lac
= f2
oB

oA

/]

oc
K
and the natural isomorphisms oy, and o, are 2-cells in this diagram.

4.1.4 The Relative Tensor Product as a Colimit

Definition 4.1.22. Let & be a monoidal k-linear category and let .Z, .4 be left/right o/~

module k-linear categories. The truncated bar construction is the diagram

MSA QAN —— MDA RN M N
4?’) Fy

where

G MRI QI QN Gi(m,a,b,n)=(m<a,b,n);
Gy: MRAI QA QN Ga(m,a,b,n)=(m,ax*b,n);
Gs: MR3I QA RN Gz(m,a,b,n)=(m,a,br>n);
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Fi:tt@d N Fy(m,a,n) = (m < a,n);
Fo: il @ @ N : Fy(m,a,n) = (m,at>n);

with m, a, b, n objects or morphisms in the categories .#, o7, o/ , A respectively, and there are

two cells

H1:FQOG1—>F10G3
ko : F1 oGy — Fy oGy
K3 : Foo0G3 — Fy0G,

where k1 is the identity and k2(n,a,b,m) : (n<a) <tb,m) — (n<(axb),m) and k3(n,a,b,m) :
(n,a> (b>m)) — (n, (ax*b) >m) are given by the associators of the o7 action.

Theorem 4.1.23. The relative tensor product M Ry N of the right € -module k-linear cate-
gory A and the left € —module k-linear category A relative to the k-linear monoidal category
o is the bicolimit of the diagram

% P
MOALARN —G— MOARQRN L MON
3 Fy

with 2-cells k1, ko, k3 defined above.

Proof. By the definition of a bicolimit there is an equivalence of categories
I'x : Cat.(Bicolim(X), %) — Diagg,(Caty) (X, Tr, (%)),
so if there is an equivalence of categories
I4 : Diagg(Caty) (X, Trg(€)) = Funy pa (A, N F)

for every € € Caty, then by Deﬁnitionticolim(X ) is the relative tensor product 4K, A .
We shall now define I and show it to be a equivalence of categories. Let o be an object of
Diag,,(Caty)(X, Tr, (%)), so

oa: A=Y

ocp:B—=Y

o= oc:C—=Y
op,:op —o0cok;

0G; oA —opoGj
where A= M X A X A XN, B:=Mxd x N and C := .4 x A . We define
I4(0) := o¢ with balancing o : o¢F; = ocFe:  a:= O'FQO'Ell.
A morphism of Diagg,(Caty)(X, Tr,(%)) is a natural isomorphism I' : ¢ — 7, we define
I4(D) :=T.
I¢ is a well-defined functor
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This requires one to prove two things: « is an @7—balancing and I is a natural transformation

of @7/—balanced functors. To show « is a balancing of ¢ we must show that the diagram

((m<a)<b,n)

amqa,b,n—(ozGﬂ(m,aV Yﬁz)m‘a,b,n

(m<a,br>n)

(axD),
AUm,a, bDn-(D‘G3 m,a,b n\/ \%m axb, 7L—(O‘G2 (m a,b n)

c( d)mabn

(myat> (br>n)) ,(axb)>n)

commutes for all (m,a,b,n) € A x o/ x o x 4. This is the case as

(ocks)(aGs)(ock)(aGr)(ock; )

= D053 (08, G3) (07, G3) A1 A5 (07, G1) (07, G AL AL
by definition of a and compatibility relations of o

= (0F2G2)0G20é31 (0;21(}'3)(UF2G3)(U;11G3)(UF1 G3)0G30511
(07, G1)(0r,G1) (0, G1)(0r,G1)oc, 06, (05 Ga)
by definition of A;

= (07, G2) (07 Ga)
cancelling terms
(O'FQO'F )G2

= O[GQ

Hence, o¢ is o/—balanced with balancing «.

Now we shall show that the natural transformation I'c : 0 — n¢ is a natural transformation

of o/—balanced functors. To show this me must show that that following diagram commutes:

( a)m a,n

oc(m<a,n) ——= oc(m,a>n)

L(Fc)(mqa,n) L(Fc)(m,amb)

ne(m < a,n) Ca)miag ne(m,a>n)

This is the case as by the definition of I' we have that

77;11 (FCFI)JFl = "7;21 (FCF2)UF2
= ﬁFzﬁEf(FcFl) = (Fch)UFzUEll

— Oén(FcFl) = (FcFQ)O(U.

Thus, I'c : 0¢ — nc is a natural transformation of .&/—balanced functors, and we have concluded
the proof that I is well-defined.

I is surjective

Let F: A4 x A/ — € be an &/—balanced functor with balancing « i.e. F' is an object of
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Fungy v (A, N ;%). Define

op:A—Cis F

op:B — % is FF

oc:C — € is FF1Go

op, : FF1 — FFy is the identity

op, : FF = FFyis o

oG, : FF1Gy — FF,Gy is Fry!

oa, : FF1Gy — FF1 Gy is the identity

oG, : FF1Gy — FFG3 is (a7 'G3)(Fr3t)(aGs)

If o is a well-defined element of Diag,,(Caty)(X, Tr, (%)) then I (o) = F, so it remains to
show that K1 = A13A511, OcKkg = A12AI11 and OCcRKs = AQQAE?} where Aij = (UFi Gj)O'GjZ

A13AL = (0F,G2)0G,05 (05, G1) by definition of Ay
= Fry by definition of o, 0¢g;.

Ao St = (op, Gg)agzaéi (U;;Gg) by definition of A;;
= (aG2)(a™'G2)(Fk3)(aGs) (' G3) by definition of o5, 0¢;.
= Fks.

A13A5)" = (05,G3)06,06. (05, G1) by definition of Ay
= (a7'G3)(Frz ) (aGa)(Fr)(a™Gy) by definition of o, og,
= F'k; i.e. identity, by pentagon of «.

I, is full and faithful.

Suppose I¢(T") = I¢(E). By definition of I this is I' = E; hence, I is faithful.

Let £ : F = G be a @/—balanced natural transformation between the &/—balanced functors
F,.G: M x N — o, ie. £isamorphism of Fung . (4, 4 ;%€). We have already shown I
to be surjective, so we have ¢ and 1 such that I (o) = F and I¢(n) = G where o is defined
in and 7 is defined analogously. In order to show that I4 is full we must find a morphism
I' : ¢ — p in Diag,(Caty) (X, Try(€)) such that I, (I') = €.

Define

M X N

)

As I4(T) = ¢, it remains to show I' is a well-defined morphism in Diag,,(Caty)(X, Try(%))
i.e. that

L np (CoF)or, =np (CeF2)or, and
2. (A;’j)*l(FcFiGj)Ag’j = (A]) M (CcFLG)AY, for all i,k =1,2;5,1=1,2,3.
1. As ¢ is an &/—balanced natural transformation

(anngll)m,a,nE(mQa,n) = f(m,abn) (O'an—];ll)m,a,n

where op, 0;11 is the balancing of I (o) and ?71-7‘277;11 is the balancing of I4(n)

(n;ll)m,a,ng(mQa,n) (UF1 )m,a,n = (n;zl)m,a,nf(m,abn) (UFz )m,a,n
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= n;ll(FcFl)apl (m,a,n) = 77;21(I‘CF2)0F2 (mya,n) V(m,a,n) € M X A X N

= 0y (ToF)or, =g (DeF)op,

2. Denote Eq(i, ) := (A};) "1 (TcFG;)AY;. By definition of A; j, o and i we have that

AYj = (or Gjlog, = og,
AY; = (r.Gj)ne, = ne,
A% = (or, Gj)og; = (asGj)og,
AZ; = (i Gj)ne; = (anGj)ne,

So

Eq(1, ) = ng, (€F1Gj)og, and
Ea(2.4) = 1, (o' G))(EFG,) (00 Gy)og,

= ng! (a7 (€F2)a0) Gy) oc,

=g (EF1G)) g, as € is o/ -balanced

= Eq(1, ).
This means it remains to show Eq(1,1) = Eq(1,2) = Eq(1, 3):

Eq(1,2) =g, (EF1G2)

= (£F1Go9)
Eq(1,1) = ng! (£F1Gy)
= (nck2)(EF1Gr)(ocks ")
F1G2
Hg_l oc
M kA A XN F1G1*>///XJV®%
k2 nc
F1G2
oc
— ///x,wxdxw“—@u//xw/P%
U
nc
= (EF1Ga)
= Eq(1,2)
Eq(1,3) = (a;, ' G2) (neks) (anGs) (EF1G3) (a; 'Gs) (ocks ') (0 Ga)

0 G2)(
= (a, ' Ga)(neks) ( (o (EF)(a, ") Gs) (ooks ) (asGa)
Y(noks)(EF2G3)(ocky M) (e, Ga) as € is o/—balanced
= (a, ' G2)(EF2G2) (0 G2) by (1)
= EF1 Gy as € is @/ —balanced

78



= EQ(]., 2)

where (1):
F>Go
Ky " ¢
(nck3)(EFaG3)(ockz ') = M x o x o x N PGy — M X N /ﬂg\' ¢
VS
k3 nc

FyGo

FGa /ﬂ\

MX A XA XN —s M XN

= (G

4.2 Skein Categories

4.2.1 Skein Categories and Coloured Ribbon Graphs of Surfaces

A skein category is a categorical analogue of a skein algebra. The definition we use follows
that stated by Johnson-Freyd in [Johl5] which in turn is a modification of a generalisation to a
general surfaces of the category Ribbon+y of coloured ribbon graphs of Reshetikhin and Turaev
[RT90, [Tur94]. We begin by defining Ribbony for any surface.

Definition 4.2.1. A ribbon graph is constructed out of a finite number of ribbons and coupons:

1. A ribbon is a framed strand. The homeomorphic image of {0} is called the bottom base
of the ribbon and the homeomorphic image of {1} is called the top base of the ribbon.
Ribbons have two possible directions: up from the bottom base to the top base (4) or
down from the top base to the bottom base (—).

2. A coupon is homeomorphic to [0, 1]%. Its bases are the homeomorphic images of [0,1]x {0 }
and [0,1] x {1}: the image of [0,1] x { 0 } is the bottom base and the image of [0,1] x {1}
is the top base.

A base of a ribbon may be attached to the base of a coupon, or to the other base of the ribbon

to form an annulus, otherwise ribbons and coupons are disjoint.
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bottom negative

base direction

annulus Vs base
/ top base
$
bottom base
positive |\ w
direction

Definition 4.2.2. Fix a strict monoidal category #". A ribbon graph is coloured by ¥ as

follows:
1. Each ribbon is coloured with a object of ¥.

2. For a coupon, let Vi,...,V, and €q,...,€, be the colours and directions of the strands
attached to the bottom base the coupon and let W1, ..., W,, and 11, ..., n, be the colours
and directions of the strands attached to the top base the coupon—the order in which
the bands are attached to base [0,1] gives the ordering. The coupon is coloured by a
morphism f: V7 ® -V - W @--- @ Wi of ¥ where X := X and X~ := X*
for X € 7.

NN

-

g:2"Rz—=>yrQuw*
Y
x

Definition 4.2.3. A coloured ribbon diagram of a surface ¥ is an embedding of a coloured
ribbon graph into ¥ x [0, 1] such that unattached bases of ribbons are sent to ¥ x {0,1} and

otherwise the image lies in ¥ x (0,1). The coupons must be oriented upwards. We call its

intersection with ¥ x {0} the bottom of the diagram and its intersection with ¥ x {1} the top
of the diagram.

Definition 4.2.4. Two coloured strand diagrams are isomorphic if there is a finite sequence
of isotopies from one to the other each of which are fixed except in the interior of a 3-ball and

preserves the attachments of ribbons and directions.

Definition 4.2.5. Fix a strict ribbon category ¥ and a surface ¥. The k-linear category of
¥-coloured strands in ¥ is denoted Ribbony (X).
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I. The objects of Ribbony (X) are finite sets {:cgvl’ﬁl),...,zgy“ﬁ")} of disjoint framed

points x; in ¥ coloured by objects V; € ¥ and given a direction € € { +, — }.

II. A morphism F : {xgvl’q), . ,x;""“e") } — {ygwl’él), . ,yy(nw"“&’") } of Ribbony (X)) is
a finite linear combination F = ZZ M F; where A\; € k and F; is a #—coloured strand

diagram such that bottom of the diagram is {xﬁ"l’el),..‘,x;"meﬂ)} and the top is

W1,8 Wi ,0m
{4700,y ]

III. The identity morphism Id{ VI (Vien) } is the ribbon diagram consisting of n ribbons
1 yereylbm

which are fixed in ¥—coordinate and framing (up to isomorphism).

IV. The composition of morphisms F = . \;F; and G = Zj p;iGjis GoF = Z” it GjoF;
where G o F; is given by stacking coloured strand diagrams then retracting ¥ x [0, 2] to
¥ x [0,1]. The strands of F; attached to the top of its diagram and the strands of G,

attached to the bottom of its diagram are merged.

Remark 4.2.6. Note that an embedding of surfaces p : 3 — II induces a functor P : Sk(X) —
Sk(II) of skein categories which on the object x is defined by P(x) = p(z) and on the morphism
F =3, \iF; is defined by P(F;) = (p X Id[o’l]) (Fy).

Remark 4.2.7. When ¥ = C x [0, 1] for some l-manifold C the k—category Ribbony (X) can
be equipped with a monoidal structure induced by the embedding

I:(Cx[0,1])U(C % [0,1]) = C x [0,1]

which retracts both copies of C' x [0, 1] in the second coordinate and includes them into another
copy of C x [0,1]. We shall denote the retractions I and r respectively. The monoidal unit is
the set { }.

The monoidal category Ribbony (C x [0, 1]) has duals with the dual of an object obtained
by flipping directions:

{xﬁv“”, V) }* = {x§vl’7€1), (e } .

The unit and counit are given by a cap and cup respectively. Equipping Ribbony (C' x [0, 1])
with a braiding and twist given by crossing ribbons are twisting ribbons (see figures in Section
2.2) makes it into a ribbon category. In particular Ribbony ([0,1]?) is a ribbon category.

Proposition 4.2.8 [Tur94]. Let ¥ be a strict ribbon category. There is a full surjective ribbon
functor
eval : Ribbony ([0,1]%) — 7.

To define a skein category Sky (X) of a surface we take the ribbon category of the surface
Ribbony (X) and force it to locally satisfy the relations satisfied in #'.

Definition 4.2.9. Let X be a surface and ¥ be a strict ribbon category. The k—linear category
Sky (%) is Ribbony (X) modulo the following relation on the morphisms of Ribbony (¥). For

each orientation preserving embedding

E: 0,1 = £ x [0,1]

TNote that this includes the colouring, framings and directions matching.
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we set the morphism F' = ). A, F; to zero if

1. the only intersection of F; with the boundary of the cube E(9[0, 1]3) are transverse ribbons
with the top and bottom edge of the cube;

2. the F; are equal outside of E([0,1]3);
3. Y Aieval (E71(F; N E([0,1]%)) = 0 where eval is the functor from Proposition m
So from Proposition we conclude

Corollary 4.2.10. Let ¥ be a strict ribbon category. Then there is an equivalence of ribbon

categories
Sky ([0,1]?) ~ 7.

Diagrams

The morphisms of a skein category are linear combinations of coloured ribbon diagrams in
Y x [0,1] up to isotopy. A ribbon diagram R can be depicted by diagrams drawn on ¥ in a
way generalising knot diagrams. Deform the ribbon diagram R so that with the exception of
bands attached to end intervals it lies almost parallel and very close to ¥ x {1/2}. The bands
attached to end intervals can be deformed so that they do not move in the ¥ direction except
very close to ¥ x {1/2}. Further deform R so that the coupons of R lie in ¥ x {1/2}, so that
no ribbons lie directly above or below (in the ¢ coordinate) coupons, and at most two ribbons
lie above or below each other. After having deformed R in this manner we draw the projection
of the ribbon diagram onto ¥ x {1/2} taking account under and over crossings and making
start and end intervals as such. The original ribbon diagram R can be recovered up to isotopy

from this diagram.

=

g:2*Qz— Yy RQuw*

5/

Ribbon tangle diagram in ¥ x [0, 1] Diagram of the ribbon tangle in X

The composition of ribbon diagrams R and .S in a skein category with the end points of R
equal (in position, framing and colouring) to the start points of S is the ribbon diagram So R
formed by placing S above R in ¥ X [0, 2], gluing the end points of R to the start points of S
and deforming ¥ x [0,2] to ¥ x [0, 1]. The diagram of S o R is given by placing the diagram of

S over the diagram of R and removing the start and end points which now join up.
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4.2.2 Module Structures and the Relative Tensor Product

We saw in the previous section that Sk(C x [0,1]) is a monoidal category for any 1-manifold
C. Suppose that we have a surface M with boundary OM. We shall now show how a suitable
embedding of C' into OM equips Sk(M) with a Sk(C' x [0, 1])-module structure.

Definition 4.2.11. Let C be a 1-manifold and M be a surface with boundary OM. A thickened
right embedding of C into the boundary of M consists of

1. An embedding = : C'x (—¢, 1] < M such that its restriction to C'x{ 1 } gives an embedding
§:C — OM. We denote the restriction ® := Z|c[o,1] and the restriction p := Z|c 103

2. An embedding F : M — M such that Im(F) is disjoint from Im(®).
3. An isotopy A: M x [0,1] = M from Id,; to E which is trivial outside of Im(E).

A thickened left embedding is defined similarly except = is an embedding = : C' x [0,1+¢€) —
M such that its restriction to C' x {0} gives an embedding & : C' — IM.

Remark 4.2.12. Let F,G : M — M be two embeddings and let ¢ : M x [0,1] — M be an
isotopy from F' to G. This isotopy traces out for any m € Sk(M) a ribbon tangle

Tom : F(m) = G(m).

In particular if (2, F, A) is a thickened embedding of C into the boundary of M then the isotopy
A: M x[0,1] = M traces out for any m € Sk(M) a ribbon tangle r ., : m — E(m). We also
have for any a € Sk(C x [0, 1]) ribbon tangles 7,4 : @ = a %@ and 7,4 : @ = () x @ where [ and
r are the retractions used to define the monoidal structure of Sk(C' x [0,1]. Furthermore, for

any ribbon tangle f : m — m’ we have that
TXx,m’ © f = E(F) SESW

and similarly 7, , and r,, ‘commute’ with any ribbon tangle g : a — a’.

Definition 4.2.13. Given a thickened right embedding (2, E, A) of C into the boundary of M,
Sk(M) is a right Sk(C' x [0, 1])-module with action

<: Sk(M) x Sk(C x [0,1]) — Sk(M)
induced from the embedding of surfaces
MUCx[0,1)) > M: MUA— E(M)U®(A).
The associator [ is defined as
Brmsab 7= a1 (ma)a0 U (71,090 © 'a-1 (0<a)aa) U Tr 0<0)ap : (M <a) <b—m < (a@b)

and the unitor 7 is defined as

N =1y b tm <10 — m.

Analogously, a thickened left embedding (Z, E,\) of C into the boundary of N defines a left
Sk(C' x [0,1])-module structure on Sk(N),
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i
(N<A)<B N < (AxB)

As skein categories are k-linear, we may define the relative tensor product of skein categories

to be their relative tensor product as k-linear categories.

Definition 4.2.14. Let C be a 1-manifold with a thickened right embedding (Zs, Ear, Ans)
into the boundary of the surface M and a thickened left embedding (En, En, An) into the
boundary of the surface N. By Definition Sk(M) is a right Sk(C' x [0, 1])-module and
Sk(N) is a left Sk(C' x [0, 1])-module. The relative tensor product Sk(M) xgk(ay Sk(M) is
the relative tensor product as k-linear categories of Sk(M) and Sk(C) relative to Sk(A) (See
Definition [4.1.7)).

A C’x[()l]

|EN

not in 1mage

moved by

M<aA

Remark 4.2.15. The simplify notation we shall define A := C x [0, 1].

4.2.3 Excision of Skein Categories

Theorem 4.2.16. Let C be a 1-manifold with a thickened right embedding (Ens, Ene, Apr) into
the boundary of the surface M and a thickened left embedding (En, En, An) into the boundary
of the surface N. The thickened embeddings define a k—linear functor

F : SK(M) xgy(a) Sk(N) =5 Sk(M L4 N)

which gives an equivalence of categories, where Sk(M) xgi(ay Sk(N) is the relative tensor

product category defined in the previous section, and (M Ua N) is the gluing

MuAN:MuN/{fN(g,i)NSN(g,li)

gel_lw,ie[o,l]}-

%
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Before proceeding to the proof of the theorem, we shall define the ribbon tangles p,, 4.5 €
Sk(M) and pgp.n € Sk(IN) and prove a couple of identities about them. These will be needed
in the proof that F' is full and faithful.

Definition 4.2.17. Let m € Sk(M) and a,b € Sk(A) such that the points in a are disjoint
from the points in b. We define the ribbon tangle p,, o € Sk(M) to be

Prmab = Tan,m<a U Idggp :m < (aUb) — (m<a) Qb.
Let n € Sk(N). We define the ribbon tangle p, ., € Sk(N) to be
Pabn = Tanben Uldesg : (@Ub) >0 —a> (b>n)).

Lemma 4.2.18. For any m € Sk(M), n € Sk(N) and a,b € Sk(A) such that the points in a

are disjoint from the points in b, we have the identities:

Pmab = Brap © M (11,0 UTrp))

pa,b,n == ﬂa_,;,n o ((Tl,a U Tr,b) > Idn) .

Proof.

Bt © (dm <Uria Urep)) i= (rayman U (Fan.09a © 71 0a(asn)) U =1 0a@b)) © (Idim <(ria Urrp))
= Taurmad U (Pans0<a © Ti=1 0a(asd) © T0<a) U (Tr=1 ga(@sb) © Troab)
= TAp,m<a u Id(0<1b

= Pa,b,n-

The other identity is analogous. O

Lemma 4.2.19. For any m € Sk(M), n € Sk(N) and a,b € Sk(A) such that the points in a

are disjoint from the points in b, the following diagram commutes.

(m<a,br>n)

((m<a)<b,n) (myar> (br>n))

(pm,a‘byldn) (Id'mypa,b,n)

Lm,alb,n

(m<(alb),n) (m, (aUb) >n)

We shall refer to this diagram as the pentagon.
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Proof.

(m<a,brn)
Lmy Wml
((m<a)<b,n) pentagon of 3 (myar> (br>n))

Orteate] Tanazs
(m < (ax*b),n) Lmaxb,n

(m, (a*d)>n)

(Idpm Q(r1,aUrr,p),1dn) naturality of ¢ (Idm,(T1,a,7r,5)>1dn)

Lm,alb,n

(m<(alld),n)

(m, (aUb) >n)
O

Lemma 4.2.20. Let f : m — m/ be a morphism in Sk(M), g : a — a' be a morphism in
Sk(M) which is disjoint from Id, and h : b — b be a morphism in Sk(M) which is disjoint

from Id,. The following diagrams commute:

m < (aUb) EEAIGCIN m' < (aUb)
[ |t
(m<a)<b _UMa)ah, (m'<a)<d/
m < (aUb) G (¢’ UD)
[pmas |t
(m<a)<b A hlUN (m'<d)<b

We have a similar result for the p in Sk(N). We shall refer to this as the naturality of p.
Proof. This follows from the similar naturality of ry,, and ry, . O
We now proceed to the proof of excision.

Proof of Theorem[].2.16, We shall first define
F : Sk(M) XSk(A) Sk(N) — Sk(M U4 N)

and show this definition is well-defined, and then show that F' is full, faithful and essentially
surjective.
Definition of F

We began by defining F":

Objects: Let (m,n) be an object of Sk(M) xgi(4)Sk(V), so m is a finite set of disjoint framed
directed coloured points in M and n is a finite set of disjoint framed directed coloured
points in N. We define

F(m,n) := Ep(m)U En(n)
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which is a finite set of disjoint framed directed coloured points in M L4 N, and thus is a
object of Sk(M Us N).

Morphisms: By the definition of the relative tensor product (Definition , the morphisms
of Sk(M) xgk(a) Sk(N) are generated by the morphisms
L. (f,g9): (m,n) — (m',n’), where f € Homgyas)(m,m’) and g € Homgy(ny(n,n’),
2. tman: (M<a,n) = (m,ar>n) for (m,a,n) € Sk(M) x Sk(A) x Sk(N), and
3.0t i (mya>n) — (m<a,n) for (m,a,n) € Sk(M) x Sk(A) x Sk(N),

m,a,n
so to define F' it suffices to define F' for these morphisms:
1. F(f,g) := Ex(f) U En(g) € Homgy(aru, vy (Ene(m) U En(n), Ex(m') U Ex(n))
where E is the functor of categories induced by the embedding F.

2. F(tm,an) = r;klj)EMm) U (UN,a o TXAII,EM(a)> Uray,B(n) € Homsi(aru, vy (B3 (m)U
Enr(a) U En(n), Ex(m) U Ex(a) U E%(n)

3. F([’;:a,n) = r)\M,EM(m)U (r)\M,a © T;§7EN(G)) UT)TAl“EN(n) € HomSk(]WuAN) (EM(m)l—l
En (@)U B3(n), E;(m) U Exr(a) U Ex(n))

. Figure 4.1: This embedding of surfaces
induces a functor Sk(M) x Sk(N) —

Sk(M U4 N) of their skein categories.
F The functor F on P (Sk(M) x Sk(N))

is given by this functor: that is on ob-

jects and on morphisms of the form
MUAN (f.9)-

Figure 4.2: The functor F
on the natural isomorphism &

gives a ribbon which has stands

from F(0 < a,0) to F(0,a > 0)

(coloured red). Elsewhere apply-

J/ which cross the middle section

F(N< A/ M) ing F'(tm,a,n) only moves points
a little.

In order to show that F is well-defined we must show F'(morphism) still satisfies the relations
in Definition This is a sequence of straight forward calculations:

Linearity Follows automatically as we have defined F' to be k-linear.
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Functionality Follows from the functionality of the functors Ey; and Ey:

F((f,9") o (f,9)) = Em(f' o f)UEN(g 0g)
= (Em(f) o Em(f)) U (En(9') 0 En(9))
=F((f'of.d 9))
F(ldpn) = (Ex(Idp), Ex(Idn)) = (Idgy, (m), IdEy (n) = Idp(m,n)

Isomorphism Follows directly from the definitions:

F(Lm,a,n) o F( b, an) = ( )\;I B2, (m) u (TAN,a S 7';]3[7EM(,1)) UTAN,E(n))

—1 —1
© (T’\MvEM(m) U (T)‘M’“ © TAN,EN(G)) = T>\N7E]2V(”)>

= IdEM(m) UIdEN(a) l—lldE'JzV(n)

= ldg(m)uE(asn)
and similarly for F(s;.!, ) 0 Ftmamn).
Naturality This follows from Remark [£.2.12}
F it o) o F(f <19, h) = ( P s oy U (P 0T sy ) U o)) © (B34 (F) U Bar(g) U B (h)

Pt i @ B (D) U (P 0738 sy © Bn(9)) U (Pag im0 E(B)

( E'2 (m)) U (EN(g) O Txn,a OT)T;[,EM(U,)> L (EQ(h) Or}\N,E(n))
F(f,QDh)OF(Lman)

Triangle Follows from the definitions:

F(Idp,nn) 0 F(Lm,m,n) = (IdE(m) UT}Tz\lJ,EN(n)) °© ( )\M,E2 (m) U TAN,EN(”))
—1
= T/\MyEQ(m) L IdEN(n)
= F(QMQ@aId")

Pentagon As

Ba,bn = AL 0 (0n) U (Tr,b1>® o U;{@D(w@)) UTas0

-1
5m,a,b = Tap,m<0 U (TAM,‘DQa © Tl—1,0<1(a*(2))) U Tr=1 0<(0xb)

we have that

F((Bp.a. Lo ddn) =7y, B2, (m) U (Paar,Eni (@) © T1=1, Bar (as0)) U o1 B (050) U Id B ()

F(Idmvﬂa,b,n) = IdEM(m) UTAEI,E?V(H) U (rr,EN(b) o T>\17\717E12\f(b)) U7 Ex(a)

So,
(Idm; Ba b n) o F<Lm a bl>n) o F(Lm<1a b n) o F(ﬁm a,b Idn)

88



= (IdEm(m) Urast B3, (n) U <TT:EN(b) © 7’,\1;1,E§V(b)> U Tl,EN(a))
o (U;ﬁ,Eﬁf(m) U (m\ma o r/\;;’EM(a)) (W TAN,E(bDn)>
°© (T/\;[l,Eg/[(nK]a) U (TAN’b © U;},EM(b)) U 7"AJ\uE(n)>
° (TAM,Efw(m) U (Pan, Bas (@) © Ti-1, Er (as)) U Tr=1, By (0b) U IdEN(n))
= (IdEM(m) AL E2 (m) © TA L ES, (m) © 7“/\M.,E?w(m))
U (TI,EN(a) OTANn,a ©TA~t By(a) © TATEE2, () © "An B (a) © Tz—l,EM(a*®)>
U (TTwEN(b) CTARLEZ(6) O TANE®) ©TAND OTATY By (b) © TT*I,EM(‘B*b))
L (r/\;,l,E?\,(n) O Txn,E2(n) © TAn,E(n) oIdEN(n))
= (rA]—Ml,E?M(m)) U (TZ,EN(a) ©TAn,a © TA]T/[17EM(Q) o Tl—l,EM(a*®)>

U (TT,EN(b) OTAn,b© r)\;dl,EM(b) © Trfl,EM(Q)*b)) U (TAN,E(n))

= (’r‘)\—l E[Q\/[(m)) U (T)\N’a*@ OT)\&I,EM((L*@)> (] (TAN,Q)*b OTA;/II,EM(Q)*I))) (W (TAN,E(n))

M

= F([/m,a*b,n)

Remark 4.2.21. These identities have straightforward interpretations topologically, for example

the pentagon identity holds as one can straighten strands.

F' is essentially surjective

Any point in Ep (M) U EN(N) C M U N is in the image of F. If point (V> is not in this
region then there is a ribbon which translates z(V>¢) across the middle region to a point z(V>¢)
which is in this region. Hence, every point in M L4 N is isomorphic to an point in the image

of F, and F is essentially surjective.

F is full
Let (mq,n1), (ma,n2) be any objects in Sk(M) xgi(4) Sk(/N) and let
[u] € Homgy(aru, vy (F(ma,na), Fi(mz,n2)),
so [@] is the equivalence class of a ribbon diagram
w: Epy(my) U En(ny) = Ep(ma) U En(ng).
In order to show F is full, we must show there is a morphism
w € HomSk(M)XSk(A)Sk(N)) ((m1,n1), (ma, n2))

such that F'(w) = u for some u equivalent to w.
We shall call Im(Z,; UZN) X [0, 1], the middle region. Up to isotopy fixed outside this middle
region, we may assume that @ intersects Im(ups) X [0, 1] in a finite number of transverse strands.

Let t; € [0, 1] be the levels when u;, intersects Im(ups). By an isotopy in the t—coordinate which
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moves coupons, twists, minima, maxima, and strands not lying in F (M, N )ﬂ we may assume
that wug, consists entirely of framed points in F(M,N). Up to isotopy fixed in the middle
region, we can further assume u;, contains framed points entirely in F(M < A, At> N). This
means that u,, = (m < (aUb),(cUd)>n) where only b and € intersect Im(pr) U Im(pp).
We reparametrise further so that for some small €; > 0, up, ¢, ¢+ = Idmaa,don UV, —e; t4¢]
where vy_c ¢y ¢ Ep(b) U En(c) — Ep(b') U En(c’): in other words up, _e, +,4¢ consists of
identity strands and a ribbon tangle which straddles the middle region.

Figure 4.3: An example of
Uft,—c, t:+¢]- 10 general a, bV, ...
are not single framed points, but
finite sets of framed points, and
the coupon depicted could be any
ribbon diagram in this square

with the same inputs and out-

puts.

We now have a ribbon diagram u equivalent to @ with a decomposition

U=Ulty+en] O Uty—entnten] O Uty _1ten—1tn—en O 7" O Uty —eq,triter]oup sy —ep

such that up, _c; t:1¢,] = Idm; <a;,di>n; UVt —e;,ti+¢;] and the other morphisms in the decompo-
sition lie in F(M, N) x [0,1]. If a morphism lies in F'(M, N) x [0, 1] then it is of the form flU g
for f € F(M) x [0,1] and g € F(N) x [0,1]. In which case F(E;/(f), Ex'(9)) = (f,g). So it

remains to consider the ribbon tangle
Ult—e,t+e] = Vlt—e,t+e] I—IIdEJZW(m)I_IEM(a)uEN(d)UE?\,(n) : F(mQ(aub), (CUd)D?’L) — F(m<(a|_lb')7 (c’l_ld)Dn)

where vy 44 @ En(b) U En(c) = En (V) U En(c). As the middle region is topologically
trivial, there exists a ribbon tangle 7: b>c¢ — V' > ¢ in Sk(M) such that

Ult—e,t+e = ((TAM,b/ o r);\l,,EN(b/)) (] T/\N,EN(C’)) o EN(ﬁ) o ((TAN,b o T)T;[,EM(b)> U TAXJI,EIZV(C)) .

TBeing able to do this relies on the ribbon diagram u not starting or ending in the middle region.
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Figure 4.4: The top figure is an example of vj;_¢ ;4.
The bottom figure is isotopic and depicts the decom-

position of vj;_¢ 14

1. The yellow ribbons are

-1 .
((T/\va © T)\M7EM(b)) = TA17\717E12\7(C)> '

2. The distorted copy of vj;_c i1 is T;

3. The blue ribbons are

=

—
P
—1

-1
((T)‘M’b' ° r)\NyEN(b')) H T)‘N’EN(C,)) '

We denote by wy_c ¢+ the following morphism in Sk(M) xgx(a) Sk(NV):

(m<(ald),(cUd)>n)
l(ﬂm,a,bid)
((m<a)<bd,(cUd)>mn)
Jman oo
(m<a,br> ((cUd)>n))
[T E—
(m<a,b > ((cUd)>n))
|
(m<a)>t,(dUd)>n)
l(ra;ja,b/,ld)
(m<(ald),(dUd)>n)

We shall sometimes denote ¢ := ¥ UIdgy (gpp). We claim that F(wy_c4¢) = Vjt—c,t4¢- By the
functorality of F" and the definition of F' on the various components, we have that F'(w;_c +4¢])
" F(m < (aUb), (cLd) > n)
J/TAM,EM(M,QG,)uIdEM(b) UIdg (o) UIdEy (asn)
F((m<a)<b,(cUd)>n)
J{T‘AIT/II,EM(mQQ)U(TAN'bOT;I\l/I,EM(b))UTAN’EN(C)UTAN’EN(dD")

Fim<a,b> ((cUd)>n))

J{(IdEJ\/[(mqﬂ)’EN(E)UIdEJZV(d>")>
Fm<a,b > ((c Ud) >n))

—1 —1
J/TA]\/I:EM("’/Q’I)H (Uﬂmb’or,\;]l ,EN(b/)> NN En () AN B (dsn)

F((m<a)>V,(dUd)>n)

T, —
)\1

uIdEM(b) (] IdEN(c/) U IdEN(an)
M

,E%/I(mqtl)

Fm<(aUb),(dUd)>n)
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So it decomposes into three components:

F(wii—e,t+q) = g, (maa) UdEy (don)
LI ((TAM,b/ or;]\lhEN(b,)> U TAN’EN(C/)> o En(D) o ((rAN’b o r;}ij’EM(b)) L TAEIvE?v(C’))
= Idg,, (m<a) U dEy (dsn) LU

= Ult—e,t+e]-
and we are done.

F' is faithful

In the previous section we have shown that for any ribbon tangle u there is a morphism w such

that F(w) = u. We shall now show that this defines a well defined inverse map of
Fmy ) (mams) t HOMSK (M) x g1 1y Sk(N) ((M1,11), (M2, m2)) — Homsyau, ny (F/(ma,m1), F(mz, n2)) .

If the map u — w is well defined it is the inverse of Fiy,, n,),(ms,ns), because F(f,g) — (f,9)
and F(tm.a.n) & tm.an-

Any equivalence of ribbon diagrams in Sk(M L4 N) can be decomposed into equivalences
which are fixed outside of one open set in the open cover of (M L4 N) x [0,1]. In particular

this means that any isotopy of

U=UNty+en] O Uty —entyten] © Uty 1den_1,tn—en] O 77" O Uty —ex,tr+er]oup, sy ey

consists of the composition of equivalence of the following forms:

1. Equivalence of a non-crossing morphism. Let u; := upi.;_q be a non-crossing
ribbon diagram, so u; = fUg for f € F(M)x[0,1] and g € F(N)x|0,1]. The equivalences
f~ f and g ~ ¢ of the ribbon tangles in F(M) x [0,1] and F(N) x [0, 1] respectively

define an equivalence of u; to another non-crossing ribbon diagram v} := f' LI ¢’.

2. Equivalence in the middle region.

Let u; = up_c 4 be a crossing ribbon diagram,
so u; = v1 Uldpunae,dsn)-  The equivalence in
the middle region v; ~ (r U s) owg o (pUq) where
r,p € F(0 < A) x [0,1] and s,q € F(Ar>0) x [0,1]

depicted in the figure opposite defines an equivalence

of u; to (1 U s UIdp(maa,dasn)) © (v2 Uldp(naa,dsn))
o (p Ugl IdF(mqa,an)) :

3. Commuting with a crossing. Let u; := u[syt,e]lﬂ be a non-crossing ribbon diagram
of the form u; = g U hUldpe,) where g € F(M) x [0,1] and h € F(N) x [0,1] and let

TWe use s as this u; may only be part of one of the ribbon diagrams in the decomposition of .
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Ui+1 = U[t_e ¢4 De a crossing ribbon such that v : bUe — b’'Uc’. There is an equivalence:

(’U L IdF(mQE,yDn)) o (g UhU IdF(b,c)) ~ (g LhU IdF(b’,c’)) o (1} LJ IdF(m<]a,b\>n))

which commutes these ribbon diagrams up to some modification of the identity compo-

nents.

Merging crossings. Let u; and u;4; both be crossing ribbon diagramsﬂ, sou; = fU
Idp(maa,dsn) and uiy1 = g UIdpqpr crpm for f:blUe—b'Uc and g: xUy — o' Uy’ for
z=al' b fland y = dU(c’ — "), see the figure below. Then the composition ;11 ou;
is equivalent to the single crossing v’ := v UId p(m,n) where v = (g UTdprer)o(f UTdgug)-

We shall now check that the map u +— w is well defined by showing it is invariant under the

equivalences listed above.

Equivalence of a non-crossing morphism This is straightforward: u; := flg — (E

M

“(f), Ex'(9))

and u := f'Ug" — (B3 (f),EN'(¢), but f ~ f and g ~ ¢ implies E;;'(f) ~ Ey;'(f') and

Ey'(9) ~ Ex'(g'), so these ribbon tangles map to the same morphism.

TTo simplify the proof slightly, we assume that there are no points in the left crossing region which are not

moved by the crossing.
*(b' — b)) denotes set difference
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Equivalence of middle region

(Idm <(Idq Up),(qulda)>1dy )

(m<(ald),(cUd)>n) (m<(alUx),(yud)>n)

(Pm,a,b,1d) naturality of p (Pm,a,z,1d)

(Idm<a <p),(qUldq)>Id,)

((m<a)<b,(cud)>n) (m<a)<z,(yUud)>n)

tm<a,b,(cUd)>n naturality of ¢ tm<a,z,(yud)>n

(Id,pD((ql—lIdd)DIdn)) (m da.r> ((y L d) > n))

(m<a,b> ((cUd)>mn))

(1d,01) definition of maps (Id,a2)

(Idm qa,r>((sUldg)>1d, )

(m<a,b > ((cUd)>n)) (m<a,z’ > ((y Ud)>n))

—1

vt turality of L
m<a,b’,(c’'Ud)>n naturality of ¢ ma,z’,(y'Ud)>n

(Idm<1a r, (SUIdd)DIdn)

(m<a)<?t,(dUd)>n) (m<a)<2,(y Ud)>n)

(', 1d) naturality of p (e

m,a,b’’

(Ids, <(Idq Ur),(sUIdg)>1dy,)

(m<(ald),(c Ud)>n) (m<(aUz),(y Ud)>n)
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Crossings commute with disjoint morphisms

(gUIdpqp,(Idcy g UR))

(m<(albd),(cUd)>n))
(Pm,a,p,1d)
((m<a)<b,(cUd)>n))

tmda,b,(cUd)>n

naturality of p

(g<11db ,Idc‘>@ L’h)

naturality of ¢

(g,1dp >(Idepg UR))

(m<a,br> ((cUd)>n))

(Id,vUIdg (asn))

(m<a,b > ((cUd)>n))

-1
L7n<]a,b’,(c’ud)>n

((m<a)<l,(dUd)>n)

(R C))

m,a,b’’

(m<(al?t),(dUd)>n)

identity morphisms are central

(g,1dy/ |>(Idc/|>@ Uh))

naturality of ¢

(g<Idy/,Id s >0 Lih)

naturality of p

(gUldg gpr 5 (Ider g UR))
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(m<(xUb),(cUy)>n))
(Pm,z,b,1d)
((m<z)<b,(cUy)>n))
tmdm,b, (cUy)Bn
(m<z,b> ((cUy) >n))
(Id,pUldg s (ysn))

(m<z,b' > ((dUy) >n))

-1
Lmqm,b/,(c’uy)bn

(m<x)<ab,(dUy)>n)

(o', Id)

m,x,b’’

(m<(zUb),(dUy)>n)



Merging Crossings

tm,aUb,(cUdUel f)>n

(m<(ald),(cUdUe)>n) (m,(aUb) > ((cUdUe)>n))
L(Pm,a,b’ld) L(Idﬁa,b,(cuduc)Dn)
(m<a)<b,(cUdUe) pentagon (m,a> (b> ((cUdUe)>n)))
Lmdam/\ /
m,a,b>((cUdUe)>n)
(m<a,br> ((cUdUe)>n)
L(Idm Aldg,f) ¢ naturality (I, Idg > f)
(m<a,b > ((cUdUe)

m<1a bV

b,(dUdUe)>n)

L(pmab”
) (

(m<a)<

L

pentagon

m,alb’,(c’UdUe)>n

Wjduemn)

(myar> (b >

(m<(al?t)),(dUdUe)>n)

L, b Uz, (yUc! Ue)>n

(m, (aLlb')

(m<a('uz)),(yUc’ Ue)>n)
(P b7 051d

(m<abt)<z,(yUc’ Ue)

L b’ o, (yUc!/ Ue)>n

(m<b x> ((

pentagon

[(Idm <Idyr,9)

(m, b >

-1
L
m,b! (yUc' Ue)>n

(yucd'Ue)>n))

¢ naturality

(m<ab 2’ > ((yUd Ue)>n))

7n<1b” 2/, (y'uc’ ue)>n

y Ucd' Ue)>n)

[(p:n?b” ! ,1d)

(m<b’) <

pentagon

L, b! 2! > ((y' Ue!! Ue)>n)

(m7 b//

> (z' >

(ma ' uz),(yuUd Ue)>n)

—1

L
m,b" Uz’ (y'Uc’ Ue)>n

(m, (" Ua’)

The composition of the morphism on the right of the diagram is u;41 o u;, so

-1

Uj41 O U; = L m, b Uz’ (y’LIc”ue)Dn

o (Id7 pb// ",(y’l_lc”ue)bn) o (Idm7 Idb” I>g) © (Id? pb",z,(yl_lc"ue)bn)

o (Id, gy (riduieyon) © (Idm <1dg, f)o
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(Ida Pa,b,(clidLie) Dn)

(m, (" Uzx) >

(dUudUe)>n)))

L(Id’pa bl (! uduc)bn)

>(cdUdUe)>n)

(yucd' Ue)>mn)

[(Idmb“,m,(yur“ue)Dn)

(x> (yucd' Ue)>n))

(Idpm, ,Idy >g)

((y'Ue"Ue) > n)))

—1
[(Id,pb,,,m,v(y,ucuue)w)

>((yud Ue)>n))



O b, alib,(clidUel f)>n

_ -1

- [’m,b”l_la:’,(y’l_lc”l_le)Dn
o (Id, Iy 9 Lg) o (Id, p;},x»(yuc”ue)bn) o (Id, pb”,w’(yHC”‘—le)D")
o (Id, IdaDV) |_|f) © (Idv p;,lla,(cudue)Dn) © (Id, pa,b,(cI_IdLJe)Dn)

O b, alub,(cUdUel f)>n

by naturality of p

= L;:b”l_lx’,(y’l_lc“l_le)bn o (Idv Idb”l>(2) uﬁ) o (Idv Idal>f2) |_|f) O b, alib,(clidUel f)>n

!
=Uu

as required. O

4.3 Relation to Factorisation Homology

4.3.1 Skein Categories and k—linear Factorisation Homologies

Fix a k-linear strict ribbon category ¥". We shall now use the results proven so far in this

chapter to conclude that the skein category Sk (X) is the k-linear factorisation homology
7.

I. As ¥ is a braided monoidal category it defines an Fs—algebra.

IT. We saw in Remark that an embedding of surfaces ¥ < II induces a functor Sk(X) —
Sk(IT) between their skein categories, and in Remark [4.2.12| that isotopies of embeddings

define natural transformations. This implies that
Sky (_) : Mfld;, — Caty,

is a 2—functor.
1. From Corollary [4.2.10| we have an equivalence of categories Sky (D?) ~ ¥.

IV. From Remark we have for any l-manifold C' that Sk(C x [0,1]) has a canonical

monoidal structure induced from the inclusions of intervals.

V. From Theorem we have given suitable thickened embeddings an equivalence of
categories
Sk (M Lia N) ~ Sky/(M) X Sk (A) Sky/(N).

As a factorisation homology is fully characterised by the above (Theorem [2.3.13)), we con-

clude:

Theorem 4.3.1. Let ¥ be k-linear strict ribbon category ¥ . The functor
Sky (_) : Mfld;, — Caty,
s the k—linear factorisation homology

/ ¥ : Mfld;, — Caty,
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of surfaces with coefficients in V.

4.3.2 Skein Categories and Presentable Factorisation Homologies

Finally, we shall use the relation between Pr and Caty to show that one can freely cocomplete
a skein category to recover a presentable factorisation homology. Before we do this we must

introduce one more category Ico, the (2,1)-category of idempotent complete categories.

Idempotent Complete Categories
Definition 4.3.2. A morphism e : x — x is an idempotent if eoe = e.

Definition 4.3.3. A retract of the object © € € is an object y € ¥ and morphisms

ye—u

T

such that r o ¢ = Id,. Note that r o ¢ is an idempotent.

Definition 4.3.4. An idempotent e : © — x splits if there is a retract y %’ x such that

roi =e. A category % is idempotent complete or Cauchy complete if all idempotents in & split.
As any functor preserves idempotents and their splittings, we make the following definition:

Definition 4.3.5. The category of idempotent complete k—linear categories Ico is the (2,1)—

category whose
1. objects are small idempotent complete categories;
2. l-morphisms are k-linear functors;
3. 2-morphisms are k—linear natural isomorphisms.
Idempotent complete categories may also be characterised in terms of absolute colimits.

Definition 4.3.6. A weighted colimit Colimg (F’) is an absolute colimit if it is preserved by all

functors.

The idempotent e : x — x splits if and only if the equaliser Ker(e,Id,) and the coequaliser
Coker(Id,, e) exist. In which case i = Ker(e,Id,) and r = Coker(Id,, e) and they are absolute

colimits. Hence,

Proposition 4.3.7 [Bor%4a]. Let € be a small category. The following conditions are equiva-

lent:
1. € is idempotent complete;
2. € has all absolute colimits.

Definition 4.3.8 [BD8G]. Let € be a small ¥ -enriched category. The idempotent completion or
Cauchy completion of € is the full subcategory of the ¥ —enriched presheaf category PSh” (%)

consisting of absolute colimits of representable functors. It is denoted Ico(%).

Remark 4.3.9. If € is small then so is Ico(%), and Ico(¥¢) ~ € if and only if € is idempotent

complete.
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Relations between Cat;, Ico and Pr

We now recall a few results which relate categories in Caty, Ico and Pr.

Proposition 4.3.10 [Bor94b]. Idempotent completion defines a functor of k—linear monoidal
categories

Ico : Caty, — Ico

Definition 4.3.11. Let € be a small category. The free cocompletion Free(%€) is given by the
Yoneda embedding Y : € — PSh(%)lﬂ

Proposition 4.3.12 [AR94]. The free cocompletion Free(€) of a small k-linear category is
locally finitely presentable.

Proposition 4.3.13 [KSQ06]. The free cocompletion of categories defines a bicolimit preserving
functor of k-linear monoidal categories

Free : Caty, — Pr.

Definition 4.3.14. An object ¢ € % of a category % is compact-projective if the corepresentable

functor €(c,-) : € — ¥ preserves all small colimits.

Proposition 4.3.15 [BD86|. There is a functor of k-linear monoidal categories
Comp : Pr — Ico

which sends € to its full subcategory Comp(€) of compact-projective objects.

Proposition 4.3.16 [BD86|. The functors Free and Comp satisfy the relations that for any
% € Caty:
Comp(Free(%€)) ~ Ico(€)

and for any 9 € Pr:
Free(Comp(2)) ~ 2.

Conclusion
Using the results just stated and that Sky (%) = fzcatk ¥ we conclude:
Theorem 4.3.17. There are equivalences of categories

Pr

Free(Sk(7)) ~ /

Pr
Free(?) and Comp (/ Free(”V)) ~ Ico(Sk((¥)),
s

S

so in particulaif]

Pr Pr

Free(Sk(Repgd(G))) o~ g Rep,(G) and Comp( : Repq(G)> zlco(Sk(Repfld(G))).

TTechnically the free cocompletion is defined in terms of a universal property and then shown in this case
to be given by the Yoneda embedding, see [AR94] for details. o
*Note that as Ico commutes with finite bicolimits, so if we define Sk(¥') := Ico(Sk(¥')) then we still have

excision: Sk(M) XSk(4) Sk(N) ~ Sk(M U4 N).
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